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Abstract

A quantitative understanding of three-phase flow in porous
media is required to address many diverse processes in
the subsurface, e.g., improved oil recovery, CO5 sequestra-
tion, and aquifer clean-up. In turn, all predictive models
of three-phase flow originate from interpretations of one-
dimensional laboratory experiments; when these interpre-
tations are flawed, so are the models. In this paper we re-
visit the foundations of displacement theory in three-phase
flow and provide the most general conditions for any rel-
ative permeability model to be physical anywhere in the
saturation triangle. In doing so, we put to rest a con-
troversy that has persisted in petroleum literature for the
better part of the last six decades.

When capillarity is ignored, the system of conservation
laws describing incompressible immiscible flow should be
strictly hyperbolic. This natural property of the system
fails for most relative permeability models used today. We
identify necessary conditions that relative permeabilities
must obey to preserve strict hyperbolicity. These condi-
tions are in agreement with experimental observations and
pore-scale physics.

We also present the most general analytical solution to
the Riemann problem (constant initial and injected states)
for three-phase flow, and describe the characteristic waves
that may arise, concluding that only 9 combinations of rar-
efactions, shocks and rarefaction-shocks are possible. Some
of these wave combinations have been overlooked by many
because of the associated conceptual and mathematical dif-
ficulties.

The analytical developments presented here will be use-
ful in the planning and interpretation of three-phase dis-
placement experiments, in the formulation of consistent
relative permeability models, and in the implementation
of streamtube simulators.

Introduction

Three immiscible fluids, water, oil and gas, may flow in
many processes of great practical importance: in primary
production below bubble point and with movable water;
in waterfloods, man-made and natural; immiscible CO;
floods; steam floods; in some gas condensate reservoirs;
in gravity drainage of gas caps with oil and water; WAG
processes; and in contaminant intrusions into the shallow
subsurface, just to name a few.

Relative permeabilities to water, oil and gas are perhaps
the most important rock-fluid descriptors in reservoir en-
gineering. Nowadays, these permeabilities are routinely
backed out from the theories of transient, high-rate dis-
placements of inert and incompressible fluids that flow in
short cores subjected to very high pressure gradients. More
recently, the time evolution of area-averaged fluid satura-
tions was measured with a CT scanner and, with several
assumptions,! used to estimate the respective relative per-
meabilities in gravity drainage. Superior precision of the
latter approach allowed the determination of relative per-
meabilities as low as 1076.
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When the fractional flow approach is used, flow of three
immiscible incompressible fluids is described by a pressure
equation and a 2 x 2 system of saturation equations.? It
was long believed that, in the absence of capillarity, the
system of equations would be strictly hyperbolic for any
relative permeability functions. This is far from being the
case and, in fact, loss of strict hyperbolicity occurs for
virtually all relative permeability models used today. In
this paper we argue that such a behavior is not physically-
based, and show how to overcome this deficiency. To do
so, we adopt an opposite viewpoint to that of the existing
literature: strict hyperbolicity of the system is assumed,
and the implications for the functional form of the relative
permeabilities are analyzed.

There is a theory behind each quantitative experiment.
Not only does any theory reduce and abstract experience,
but it also overreaches it by extra assumptions made for
definiteness. Theory, in its turn, predicts the results of
some specific experiments. The body of theory furnishes
the concepts and formulee by which experiment can be in-
terpreted as being in accord or discord with it. Experi-
ment, indeed, is a necessary adjunct to a physical theory;
but it is an adjunct, not the master.®> In other words,
the relative permeability models are only as good as theo-
ries behind the displacement experiments from which these
models have been obtained. If the theory is flawed, so are
the relative permeabilities.

Displacement Theory in Three-Phase Flow

Governing Equations. We outline the mathematical
formulation of multiphase flow in porous media under the
following assumptions: (1) one-dimensional flow; (2) im-
miscible flow; (3) incompressible fluids; (4) homoge-
neous rigid porous medium; (5) multiphase flow exten-
sion of Darcy’s law; (6) negligible gravitational effects;
and (7) negligible capillary pressure effects. A detailed
derivation of the governing equations can be found else-
where.? %5

Assumption 2 prevents mass transfer between phases
and, therefore, one can identify components with phases.
The one dimensional mass conservation equation for the
a-phase is, in the absence of source terms:

O(ma) + 0z (Fa) =0, (1)

where m,, is the mass density, F}, is the mass flux of the
a-phase, and 9¢(+), 0;(-) denote partial derivatives with re-
spect to time and space, respectively. For three-phase flow
the system consists of aqueous, vapor and liquid phases,
corresponding to water (w), gas (g) and oil (o) compo-
nents, respectively. The mass density of each phase is the
mass per unit bulk volume of porous medium:

Mo = PaSa?, (2)

where p,, is the density of the a-phase, S, is the saturation,
and ¢ is the porosity. Assumptions 3 and 4 make the
phase densities and the porosity constant. Using the usual

multiphase flow extension of Darcy’s law® (assumption 5):

F, = 7kkra pa(azpa +pozgamz)v (3)
Mo
where k is the absolute permeability, k,, is the relative
permeability, p, the dynamic viscosity, and p, the pres-
sure of the a-phase. Relative permeabilities are assumed
to be functions of phase saturations. The gravitational ac-
celeration has absolute value g and points in the negative
direction of the z-axis. We define the relative mobility of
the a-phase as

A 1= . (4)

Neglecting gravitational and capillarity effects (assump-
tions 6 and 7) the mass conservation equations for the a-
phase is:

0050 + af(—%maam — 0, (5)

where p is the pressure, now common to all phases. Since
the fluids fill up the pore volume, their saturations add up

to one:
n
> s,
a=1

Adding the conservation equations for all phases and using
the saturation constraint (6), we get the “pressure equa-
tion”:

1. (6)

1
where A\ = 22:1 Ao 18 the total mobility. The pressure
equation (7) dictates that the total velocity, defined as
1
VT = _Ek)\Tampu (8)

is at most a function of time. We now define the phase
velocity

Vg 1= f\\—(;vT, (9)

and the fractional flow for the a-phase

Vo Ao
=— = 10
fDé vr )\T ( )
With the definitions above, the three-phase flow system is
governed by a 2 x 2 system of conservation laws,

d($) ()0 w

and the algebraic constraint S, = 1-5,,—95,. The solution
is restricted to lie in the saturation triangle:

T :={(8w,8) : Sw >0, S;>0, Su+85, <1} (12)

The saturation triangle is usually represented as a ternary
diagram (Fig. 1), in which the pair (S,,,S4) corresponds
to the triple (S, Sy, S,), where S, =1 -5, — 5.
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Fig. 1— Saturation triangle (top) and ternary diagram (bot-
tom).

Riemann Problem. Eq. (11) can be written in vector
notation defining the vector of unknowns u = [u,v]t =
[Sw, Sglt, and the flux vector f = [f,g]" = [fuw, f4]". The
Riemann problem for three-phase flow consists in finding
a self-similar (usually weak) solution to the 2 x 2 system:

ou+vrd, f =0, —oco<x<oo,t>0, (13)
with initial condition
w; if z <0,
0) = 14
u(z,0) {u, if x> 0. (14)

Unrealistic as it may seem (unbounded domain, and piece-
wise constant initial data with a single discontinuity), the
solution to the Riemann problem is extremely valuable for
practical applications. Many laboratory experiments re-
produce in fact the conditions of the Riemann problem:
the medium has initially homogeneous saturations, and
the proportion of injected fluids is held constant during
the experiment. The solution to the Riemann problem
gives also information about the structure of the system
of equations, and can be used as the building block for
problems with more complex initial conditions (as in the
Godunov method™#).

The property of self-similarity has been termed “stretch-
ing principle”® or “coherence condition”!'®! in the
petroleum engineering literature. It means that the solu-
tion at different times “can be obtained from one another

by a similarity transformation.”!? We seek a solution of
the form

u(z,t) = U(C). (15)
In our case, the similarity variable ( is
x

- fot vp(T)dr

Using Egs. (15)—(16) in Eq. (13), the self-similar solution
satisfies the system of ordinary differential equations

¢: (16)

(A(U) - (U =0, —o0 < (< oo, (17)
together with the boundary conditions
U(—0) =u;, U(x)=u,, (18)

where A(U) is the Jacobian matrix of the system, i.e.,

A(U) :=Dyf = <§Zggg gzggg) ’ "

and I is the 2x 2 identity matrix. Subscripts after a comma
in Eq. (19) denote differentiation (e.g., f ., = 0. f).

Character of the System of Equations. Egs. (17)—
(18) define in fact an eigenvalue problem, where ¢ is an
eigenvalue, and U’ = dU /d( is a right eigenvector. There
are two families of eigenvalues (which we denote v; and
v9) and eigenvectors (ry and r3). The eigenvalues and
eigenvectors determine the character of the system.

The system is called hyperbolic if, for each state U =
(u, v), both eigenvalues v1(U) and v5(U) are real, and the
Jacobian matrix A(U) is diagonalizable. If, in addition,
the eigenvalues are distinct, v1(U) < v2(U), the system
is called strictly hyperbolic. If there is a double eigenvalue
and the Jacobian matrix is not diagonalizable, the system
is parabolic. Finally, if the eigenvalues are complex conju-
gates at some point U, the system is elliptic at that point.

The eigenvalues are given by

1
na =g |futao® =007 + 4] 20

The eigenvalues are real whenever the discriminant is non-
negative, i.e.,

0= (f,u - 9,11)2 + 4f,vg,u > 07 (21)

and distinct if the inequality above is strict.
The eigenvectors 7, = [rpu, 7o', p = 1,2, of the system
are given by the following expressions:

Tiv vy — f,u 9u

= = ) 22
Tlu f,v Vi — 9w ( )
T2u _ f,v _ Vo —Gw (23)
T2y vy — f,u 9u

The eigenvectors should be normalized so that |r,| = 1.
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Relative Permeabilities for Strict Hyperbolicity
Introduction. We assume that pressure and temperature
do not greatly influence fluid viscosities, and we take them
as constants. Under this assumption, the character of the
system is completely determined by the relative permeabil-
ities.

Experimental evidence suggests that there is a
threshold saturation for each phase, below which that
phase is immobile. As a result, three-phase flow takes
place only in a region inside the saturation triangle. The
nature of these threshold saturations depends on the wet-
tability of the fluid, and on the displacement process.!” For
the wetting phase, the term “connate” (or “irreducible”)
saturation would be appropriate both in drainage and im-
bibition. For the nonwetting phase, the term “critical”
saturation would be applicable in drainage, and “trapped”
(or “residual”) saturation in imbibition. For the purpose
of this paper we lump the terminology above in the term
“immobile” saturation S,;, regardless of the process. If
these endpoint saturations are taken as constants, one can
define reduced saturations S, as:

13-16

S ::M, a=1,...,3. (24)

Egs. (24) define a linear map from the three-phase flow
subtriangle (the shaded region in Fig. 2) to the whole
ternary diagram. It is important to note that the three-
phase flow region is not necessarily an equilateral triangle,
as the “immobile” saturation of each phase may vary with
the saturations of the other two phases. This is a well-
known behavior for the oil phase,'® and several correlations
for the “residual” oil saturation have been proposed.!? 20
In this case, the mapping of the three-phase flow region
onto the unit ternary diagram would be more complicated
than just the linear relation in Eqgs. (24).

The relative permeability of a phase is zero if that phase
is immobile, and it is positive otherwise. By expressing
relative permeabilities as functions of reduced saturations,
and using the linear transformation (24), the original sys-
tem (13) can be written as:

Ay + 970, f(@) = 0, (25)
where f is the fractional flow vector expressed as a function
of reduced saturations, and

. ur

Ur = ——3———
1- 25:1 Spi

is the reduced total velocity. To simplify notation we shall
drop the tildes from Eq. (25), but still refer to the system
in terms of reduced saturations.

(26)

Loss of Strict Hyperbolicity in Conventional Mod-
els. Tt was long believed that the system (13) was strictly
hyperbolic for any relative permeability functions. Then,
the theory of Lax?! as extended by Liu?*?3 would apply.

Fig. 2— Schematic of constant immobile saturations for each
phase. The three-phase flow region (shaded area) is, in this
case, an equilateral triangle inside the ternary diagram.

However, Bell et al.2* showed that the system is not neces-

sarily hyperbolic. In particular, they observed that Stone I
relative permeabilities gave rise to elliptic regions inside
the saturation triangle. Elliptic regions are portions of the
saturation triangle where the eigenvalues are complex, so
the system is locally elliptic rather than hyperbolic. This
implies that boundary conditions need to be imposed at
later times to control the solution at earlier times.2’ The
analysis of Bell et al.?* shows that the solution is unsta-
ble in these regions. One of the consequences is that for
arbitrarily close left and right states inside the elliptic re-
gion, the solution develops wildly oscillatory waves, which
are never observed in experiments. Moreover, the wave
pattern is unstable with respect to the initial states.

It was shown?? 25729 that occurrence of elliptic regions is
the rule rather than the exception, for the most common
relative permeability models. The analysis of Shearer?®
and Holden?® starts by assuming the behavior of relative
permeabilities at the edges of the saturation triangle. In
particular, it is assumed that both the relative permeabil-
ity of a phase, and its derivative along the normal to the
edge of zero reduced saturation of that phase, are identi-
cally zero. In addition, certain “interaction conditions” are
imposed. These conditions ensure that the right eigenvec-
tor that is parallel to the edge is the one associated with
the fast characteristic speed, 5.

The assumed behavior at the edges has a profound im-
pact on the character of the system. The first consequence
is that each vertex of the saturation triangle is an um-
bilic point, i.e., eigenvalues are equal and the system is
not strictly hyperbolic at those points. The second one
is that an elliptic region must exist inside the saturation
triangle. This general result can be proved using ideas of
projective geometry.2% 30

The only models which do not produce elliptic regions
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Fig. 3— Schematic representation of the direction of fast
eigenvectors 7 along the edges of the saturation triangle for
the models analyzed by Shearer®®?¢ and Holden.?® For models
of this type, vertices are umbilic points, and there must be an
elliptic region inside the saturation triangle, usually very close
to the oil-water edge.

(under the assumed behavior at the edges) are those where
the relative permeability of a phase depends solely on the
saturation of that phase.3!'32 For these models, the elliptic
region shrinks to an isolated umbilic point, which cannot
be removed by further approximation of the relative per-
meabilities. Umbilic points act as “repellers” for classical
waves®>34 and, as a result, solutions to the nonstrictly hy-
perbolic system require nonclassical waves (termed transi-
tional waves®). The most salient features of these solu-
tions are that: (1) they are sensitive to the particular form
of the diffusion term due to capillary effects;3¢ (2) the sat-
uration path may be the same for wildly different initial
and injected states;>373% and (3) in WAG displacement,
the intermediate oil bank may be split in two.3* Moreover,
the Marchesin model (relative permeabilities dependent on
their own saturations only) is not supported by experimen-
tal results®® and pore-scale physics.*°

From the observations above, it is difficult to justify the
physical relevance of mathematical singularities like ellip-
tic regions and umbilic points.?20,26:32:41-43 We are of the
opinion that these singularities are mere artifacts of an in-
correct mathematical model. Inappropriateness of the for-
mulation may have several sources, the most obvious one
being the relative permeability functions and, in particu-
lar, the assumed behavior at the edges of the saturation
triangle. In fact, it is widely recognized that the slope of
experimental relative permeabilities near the endpoints is
often ill-defined.??

Description of the New Approach. The generic ap-
proach in the existing literature can be summarized as fol-
lows: a certain behavior of the relative permeabilities is

Fig. 4— Schematic representation of the direction of fast (r2)
and slow (r1) eigenvectors along the edges of the saturation
triangle for the type of models we propose. The systems is
strictly hyperbolic everywhere inside the saturation triangle,
and the only umbilic point is located at the G vertex, where the
fast paths corresponding to the OG and WG edges coalesce.

assumed, and loss of strict hyperbolicity inside the satura-
tion triangle is inferred. We adopt the opposite viewpoint:
we assume that the system is strictly hyperbolic, and inves-
tigate the conditions on relative permeabilities as functions
of saturation such that strict hyperbolicity is preserved.

The key observation is that, whenever gas is present as a
continuous phase, the mobility of gas is much higher than
that of the other two fluids (water and oil). To honor this
physical behavior, we associate fast characteristic paths
with displacements involving changes in gas saturation,
even in the region of small gas saturation. The imme-
diate consequence is that the eigenvector associated with
the fast family of characteristics (r2) is transversal—and
not parallel— to the oil-water edge of the ternary diagram
(Fig. 4). As we shall see, this conceptual picture permits
that the system will be strictly hyperbolic everywhere in-
side the saturation triangle. The G vertex, corresponding
to 100% reduced gas saturation, remains an umbilic point
because fast paths corresponding to the OG and WG edges
coalesce. This umbilic point could be further removed if
one allows for fast eigenvectors to rotate along the OG and
WG edges. This was not done here to prevent saturation
paths from falling outside the three-phase flow region, but
it would be perfectly realistic if, for example, hysteretic
effects were considered.

Conditions for Strict Hyperbolicity. Let us recapit-
ulate the conceptual picture expressed in Fig. 4:

1. Along the oil-water (OW) edge the eigenvector associ-
ated with the slow characteristic family (1) is parallel
to the edge. The system is strictly hyperbolic every-
where along the edge, including the O and W vertices.
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2. Along the oil-gas (OG) and water-gas (WG) edges
the eigenvector associated with the fast characteristic
family (rq) is parallel to these edges. The system is
strictly hyperbolic everywhere along the edges except
at the G vertex, which is an umbilic point.

Below we present a systematic study of the general con-
ditions that ensure strict hyperbolicity of the system. On
each edge we identify two types of conditions. Condition I
enforces that eigenvectors of the appropriate family are
parallel to the edge. Condition II guarantees strict hyper-
bolicity of the system along the edge. The latter condition
is further specialized to both vertices of each edge, which
provides additional insight into the behavior of the relative
permeabilities. The analytical developments are expressed
most effectively in terms of water and gas fractional flows
(f and g, respectively) and their derivatives with respect
to water and gas saturations (u and v, respectively). We
then translate these requirements into conditions that the
relative permeabilities must satisfy. We emphasize that
relative permeabilities and, therefore, relative mobilities,
are assumed to be functions of saturations only, i.e.,

Aw = A (U, ), Ag = Ag(u,v), Ao = Ao(u,v). (27)

Due to space restrictions, we present only the main results
and their practical implications. The complete analysis is
included in a separate publication.4

Analysis along the OW edge. This edge corresponds
to the line of zero reduced gas saturation, v = 0. The
mathematical condition for the slow eigenvector to be par-
allel to the OW edge (ry = [1,0]) is:

gu=0. (28)

When expressed in terms of mobilities, Condition I above
reads:
Agu =0, (29)

that is, the derivative of the gas relative mobility with
respect to water saturation is zero. This condition is im-
mediately satisfied for any model, as the gas mobility is
identically zero along this edge.

For the system to be strictly hyperbolic along the
OW edge, the following is required:

How =Ggv — f,u > 07 (30)
which is equivalent to:

Agw > Awu — )\T,ui_w~ (31)
T
Condition II above is the fundamental requirement for
strict hyperbolicity of the system of equations of three-
phase flow. When this condition is evaluated at the ver-
tices of the OW edge, one obtains:

Agw > Awu  at the O vertex, (32)
Agv > —Aou  at the W vertex, (33)

where the inequalities above are strict. In particular,
Egs. (32)—(33) require that the gas relative permeability
does mot have zero-derivative at its endpoint saturation.
A summary of the conditions at the OW edge is given in
Table 1. We make the following important remarks:

1. The requirement of a nonzero endpoint slope of the
gas relative permeability is a mecessary condition for
strict hyperbolicity, which is violated by the models
of all previous studies on this subject.

2. This behavior of gas relative permeability is in good
agreement with experimental observations of two-
phase!3715:17:45,46  apq  three-phase flow,16:39,47-50
both in drainage and imbibition.

3. A finite positive slope for the gas relative permeability
can also be justified from the point of view of pore-
scale processes.’»52 Gas is always the nonwetting
fluid, so gas flow takes place through the middle region
of the pores (bulk flow). In a drainage process, gas
flow will start with the first percolating cluster. Like-
wise, in an imbibition process, gas flow will cease with
the last trapped cluster. In both cases, the transition
between zero flow and nonzero flow is rather abrupt,
thus justifying the existence of a positive slope at the
endpoint of the relative permeability curve.

4. In contrast, near their endpoint saturations, the most
wetting and intermediate wetting fluids flow through
a continuous network of films (corner flow and/or film
flow). The effective cross-sectional area of this net-
work will vary depending on the local level of capil-
lary pressure. Since the fluid conductance is propor-
tional to the cross-sectional area, it seems plausible
that that the relative permeability will approach zero
as a quadratic function of saturation and, thus, with
zero slope.

Analysis along the OG edge. This edge corresponds
to the line of zero reduced water saturation, v = 0. The
fast eigenvector will be parallel to the OG edge (ro =
[0,1]%) if:

fo=0. (34)

In terms of mobilities, Condition I reads:

Awo =0, (35)

)

Table 1— Summary of conditions along the OW edge

Condition Frac. flows Mobilities
I gu=0 & Au=0
>\w
1I 9o —fu>0 o Ay > Apu — Aru i
II at O )\g,v > )\w,u
IT at W Ago > —Aou
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that is, the derivative of the water relative mobility with
respect to gas saturation is zero. This condition is imme-
diately satisfied because water mobility is identically zero
along this edge.

The system is strictly hyperbolic along the OG edge
(Condition II) if:

Hog =gv — f,u > Oa (36)

or, equivalently:
Ag
Ar
We want the condition above to be a strict inequality at
the O vertex:

Agw > Awu + AT (37)

Agv > Aw,us (38)
and an equality at the G vertex (umbilic point):
Aw,u = 0. (39)

Eq. (38) requires again that the gas relative permeability
has a positive slope at its endpoint saturation. The condi-
tions at the OG edge are summarized in Table 2.

Analysis along the WG edge. This edge corresponds
to the line of zero reduced oil saturation, v = 1 — u. The
analysis at the WG edge is complicated by the fact that it
is a tilted line in the (u,v)-plane. The fast eigenvector will
be parallel to the WG edge (ry = [—1,1]) if:

f,v + g0 = f,u"‘g,uo (40)
In terms of mobilities, Condition I reads:
)\o,'u = )\o,u7 (41)

that is, the derivatives of the oil relative mobility with
respect to gas and water saturations are equal.
The system is strictly hyperbolic along the WG edge
(Condition II) if:
ng =gv — f,u - 2g,u >0, (42)
or, equivalently:
A
—Agu+ Agw > —Aou + (A1 — )‘T,u)ﬁ~ (43)
The strict inequality at the W vertex reads:
Ag,'u > _Ao,ua (44)

and the equality at the G vertex (umbilic point) imposes
that
Ao = 0. (45)

Table 3 summarizes the conditions at the WG edge.

Table 2— Summary of conditions along the OG edge

Condition Frac. flows Mobilities
I fo=0 & Ayoy=0
1I go—fu>0 & Ago > Aput Are pes
ITat O Ago > Awu
ITat G Awu =

A Simple Model. Our interest here reduces to present-
ing a simple model that satisfies the conditions above. A
common practice in petroleum engineering®®°* is to as-
sume that relative permeabilities of the most and least
wetting fluids (usually water and gas) depend only on their
own saturation, whereas the relative permeability of the
intermediate wetting fluid (usually oil) depends on all sat-
urations. Although we do not defend this assumption in
general, here we show that it is possible to obtain models
which are strictly hyperbolic everywhere in the three-phase
flow region. We take, for example:

Mo = (1/ p)u?, (46)
Ag = (1/:ug) (691} + (1 - ﬁg)UQ) s Bg>0 (47)
No = (1/p0) (1 — = v)(1 — w)(1 - v). (1)

The most important feature of the model is the positive
derivative of the gas relative permeability function as it
approaches zero. For the particular function used here, oil
isoperms are slightly convex.*4
It is immediate to check that relative mobilities (46)—
(48) satisty Condition I on all three edges. Whether Con-
dition II is satisfied will depend, in general, on the values
of the fluid viscosities and the endpoint-slope of the gas
relative permeability. Rather than performing a complete
analysis,** we simply take reasonable values of the viscosi-
ties:
tw = 0.875, pg =0.03, p, =2, (49)

and a small value of the endpoint slope: 3, = 0.1.

In Fig. 5 we represent graphically the functions H,,, (u)
along OW, H,,4(v) along OG, and H,4(u) along WG. In-
equalities (30), (36), and (42) are satisfied (and the system
is strictly hyperbolic) if all three curves are positive every-
where. The curves for the OG edge and the WG edge reach
a zero value for v = 1 and u = 0, respectively, so that the
G vertex is an umbilic point.

Analytical Solution to the Riemann Problem

Introduction. Here we present the solution to the Rie-
mann problem of three-phase flow, given by Eqgs. (13)—(14).
As discussed in the previous section, the system is assumed
to be strictly hyperbolic for all saturation paths of inter-
est. For a strictly hyperbolic system, waves of different
characteristic families are strictly separated.?! Thus, the
solution to the Riemann problem comprises three constant
states uy, upm,, uw, (left, middle, and right states, respec-
tively). States u; and w,, are joined by a wave of the

Table 3— Summary of conditions along the WG edge

Condition Frac. flows Mobilities
I f,v +90 = f,u +9u = /\o,v = /\o,u
11 Gov—fu—20.>0 & Agv—Agu> —Aou
+(A o — M) 32
IIat W Ago > —Aou
T at G Aou =0
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How(u)a Hog(v)v ng(u)

Fig. 5— Strict hyperbolicity on edges of the saturation triangle
(Condition I1) requires that all three functions Ho., (1), Hog(v),
and H,4(u) are positive everywhere.

Fig. 6— Generic solution to the Riemann problem of three-
phase flow with two waves connecting three constant states.

first family (slow wave, or 1-wave), and states u,, and wu,
are joined by a wave of the second family (fast wave, or
2-wave). We conclude that the solution to the Riemann
problem for three-phase flow reduces to finding the inter-
mediate constant state u,, as the intersection of an admis-
sible 1-wave (W;) and an admissible 2-wave (W2) on the
saturation triangle (Fig. 6):

u; 2, Uy, W, u,. (50)

Wave Structure. We now describe the structure of the
waves in the Riemann solution. From the theory of strictly
hyperbolic conservation laws,?!:5 a wave of the p-family
consists of p-rarefactions, p-shocks and/or p-contact dis-
continuities. This is discussed next.

Fig. 7— Typical plot of the Hugoniot loci for both character-
istic families passing through the reference state A.

Hugoniot loci and shocks. Any propagating disconti-
nuity connecting two statesu_ = U({_) and uy = U({y),
must satisfy an integral conservation equation for each
variable, known as the Rankine-Hugoniot jump condition:

flug) = flu) =o(upsu)(uy —u_), (51

where o(u4;u_) is the speed of propagation of the discon-
tinuity. For a fixed state w_, one can determine the set of
states u which can be connected to u_ such that Eq. (51)
is satisfied. There are two families of solutions, one for
each characteristic family, which form two curves pass-
ing through the reference state w_: Hi(u_) and Ha(u_)
(Fig. 7). The set of points on each of these curves is called
the Hugoniot locus. It is easy to show® that the Hugoniot
curves are tangent to the corresponding eigenvectors at the
reference point u_. Moreover, since the system is strictly
hyperbolic, Hugoniot loci do not have detached branches
and are transversal to each other.®®

Not every discontinuity satisfying the Rankine-Hugoniot
condition is a valid shock. For a genuine shock of the
p-family (a p-shock) to be physically admissible, it must

satisfy the Lax entropy condition:82% 6

vp(us) > op(ugiu) > vy(uy), (52)

where u_ and u, are the values at the left and at the right
of the discontinuity, respectively. Condition (52) implies
that characteristics of the p-family go into the shock. A
shock curve of the p-family passing through point w_, de-
noted as Sp(u_), corresponds to a subset of the Hugoniot
locus H,(u_), for which entropy condition (52) is satisfied.

Integral curves and rarefactions. A curve whose
tangent at any point w lies in the direction of the right
eigenvector 7,(u) is called an integral curve for the p-
family. There are two integral curves passing through each



SPE 77539 R. JUANES AND T. W. PATZEK 9
G G
a . o
1 — 1-family 1 Inflection
— — — 2-family Locus

Fig. 8— Typical plot of the integral curves (usually termed
slow paths and fast paths) for a relative permeability model
that produces a strictly hyperbolic system.

reference point @: 77 (@), corresponding to the first eigen-
vector 71, and Zy(w), corresponding to the second eigen-
vector ro. The two families of integral curves for the rel-
ative permeability model discussed in the previous section
(Egs. (46)—(47)) are shown in Fig. 8.

A necessary condition for two states u; (left) and w,
(right) to be connected by a rarefaction wave is that these
two states lie on the same integral curve.®2! Therefore,
a rarefaction curve of the p-family (hereafter noted R,),
is a subset of integral curve Z,, much in the same way as
a shock curve is a subset of the corresponding Hugoniot
locus. A p-rarefaction wave is a self-similar solution U, (()
satisfying Eq. (17) where the parameter ¢ is not arbitrary,
but an eigenvalue of the problem:®

¢ =vp(U,(Q))- (53)

A rarefaction curve U, (¢) will provide a single-valued so-
lution if the similarity variable parameter ¢ (i.e., the eigen-
value v,) increases monotonically along the curve from the
left state u; to the right state w,..

Inflection loci and rarefaction-shocks. The notion
of genuine nonlinearity is crucial to the wave structure aris-
ing in multiphase flow. The p-field is said to be genuinely
nonlinear if the p-eigenvalue v, varies monotonically along
integral curves of the p-family. This is expressed mathe-
matically as:

Vi,(U)-r,(U)#0 foral U, (54)

where Vuv,(U) := [0v,/0u,dv,/0v])" is the gradient
of v,(U). This condition is equivalent to that of convexity,
f"(u) # 0 Vu, for scalar conservation laws. The p-field is
said to be linearly degenerate if v, is constant along inte-
gral curves of the p-family, i.e.,

Vi,(U)-r,(U)=0 forall U. (55)

Inflection
Locus

(b) 2-family

Fig. 9— Eigenvalues and inflection loci for both families of
characteristics. Inflection loci correspond to local maxima of
eigenvalues when moving along integral curves.

u

Fig. 10— Typical plot of the flux function f (fractional flow)
for two-phase flow. The function is S-shaped, and the slope
attains a maximum value at the inflection point .
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Of course, the value of v,(U) may vary from one integral
curve to the next. As it turns out, the characteristic fields
of the system describing three-phase flow are neither gen-
uinely nonlinear nor linearly degenerate: eigenvalues at-
tain local maxima along integral curves. We can therefore
define the inflection locus V), for the p-characteristic field
as the set of points U such that

Vip(U) -7 (U) =0, (56)

that is, the locations at which v, attain either a maximum
or a minimum value when moving along integral curves of
the p-family. In Fig. 9 we show contour plots of eigenval-
ues and the inflection loci for both characteristic families.
We note that in all realistic models of multiphase flow,
the inflection locus corresponds to mazima of eigenvalues.
This is consistent with the well-known behavior of the flux
function for the two-phase flow case, where the fractional
flow function is S-shaped, and the inflection point corre-
sponds to the mazimum value of the derivative (Fig. 10).

For a strictly hyperbolic system whose characteristic
fields are genuinely nonlinear, any wave connecting two
states u; and w, can only be a rarefaction or a genuine
shock, and any discontinuity must satisfy Lax entropy con-
dition (52). When the genuine nonlinearity condition fails,
each wave might consist in a combination of rarefactions
and discontinuities.?>23 For strictly hyperbolic models of
multiphase flow, the inflection locus for each field is a sin-
gle connected curve, which is transversal to integral curves
of the same family. In this case, the composite wave has
at most one rarefaction and one discontinuity. Moreover,
since inflection loci correspond to local mazima of eigenval-
ues along integral curves, the rarefaction is always slower
than the shock.’” It follows that a wave consisting of a
shock followed by a rarefaction is mot possible.

More precisely, a rarefaction-shock of the p-family con-
necting the left and right states uw; and w,, respectively,
is a curve on the phase plane consisting of a p-rarefaction
curve emanating from u;, connected to a p-shock curve at
some intermediate point u,, which ends at the right state.
This rarefaction-shock curve is denoted as R,S,(u,;u;)
and, unlike rarefaction curves or shock curves alone, is de-
fined through both endpoints. The intermediate state w.
is the post-shock state, at which the following property
holds:

vpls) = o (115, (57)

A necessary condition for a R,S,(u,, u;) wave is that the
left and right states lie on opposite sides with respect to the
inflection locus V,. This rules out the possibility of such
two states being connected by a rarefaction wave, since
the characteristic speed would not be monotonically in-
creasing and, as a result, the solution would not be single-
valued. This composite wave also satisfies Liu’s extended
entropy condition,?? which reduces to the extended Lax
entropy condition?! (originally developed for systems with
genuinely nonlinear and linearly degenerate fields) when
the inflection locus is a single hypersurface.’” Therefore,

(b) Right state with u, = 0.02

Fig. 11— Rarefaction-shock curves for the 1-family with the
same left state and two different right states. Note that the
post-shock state u.. is different for each case.

all discontinuities must satisfy
vp(u_) = op(ugsus) > vy(uy). (58)

Fig. 11 shows two rarefaction-shock curves for the first
characteristic family, corresponding to the same left state
but two different right states. Note that the post-shock
state u,, at which the Ry and S; curves are connected,
is different for each case. This connection is always very
smooth. In fact, it can be shown?! that both curves are
connected with second order tangency (same slope and cur-
vature).

Complete Set of Solutions. Based on the analysis
above, a wave of the p-family connecting two constant
states may only be one of the following: a p-rarefaction
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' S1S,
Si1Rs
SlRQSQ

u s R1S2

] R <: Rle
_L R RlRQSQ
s R151S8s
= R1$1 Rg

r Ri1S1R252

Fig. 12— Schematic tree with all 9 possible combinations of
solutions to the Riemann problem of three-phase flow.

(Rp), a p-shock (Sp), or a p-rarefaction-shock (R,Sp).
Since the full solution to the Riemann problem is a se-
quence of two waves, W; and Wh, there are only 9 pos-
sible combinations of solutions. A schematic tree with all
possible solution types are shown in Fig. 12.

Example: R1S1 RSy solution. We describe in some
detail the case with the most complicated wave structure
that may arise in the Riemann problem of three-phase flow.
In this case both waves are composite rarefaction-shocks:
W1 = R151 and W2 = RQSQ.

The variables that need to be determined to fully charac-
terize the solution are: the intermediate constant state .,
the shock speeds o; and o3, and the post-shock states u}
and u} of each wave. The constant state w,, corresponds
to the intersection of the two wave curves, while the post-
shock states are the points where the rarefaction curve and
the shock curve of the same family are joined. Schemati-
cally, this can be represented as follows:

u = uy S, 22 u; 22, . (59)
The solution is admissible if each of the two waves is ad-
missible individually, i.e.,

. . R+ *

R.S, . JV1increases monotonically along u; — w7,

101 ¢
vi(uy) = o1 > vi(um),

. . Ra *

RS, : Ve increases monotonically along w,, — u3,

202 !
vo(u3) = o3 > va(u,).

(60)

The major difficulty in computing the solution is that
both endpoints of the Ry curve are unknown, so that the
initial condition for the integral curve is not know a pri-
ori. We have developed efficient algorithms for the so-
lution of this highly nonlinear problem. They are based
on a predictor-corrector strategy combined with New-
ton’s method, and they yield quadratic convergence in all
cases.”®

In Fig. 13 we represent the solution as a saturation
path in the ternary diagram. It is immediate to check that

the solution is admissible. Each composite wave crosses
the inflection locus of the corresponding family. We note
that the 2-shock has a very small amplitude because the
right state almost coincides with the inflection locus of the
2-family.

Profiles of wave speeds v; and 15, and phase satura-
tions Sy, Sy and S,, are plotted in Fig. 14. These quan-
tities are plotted against the similarity variable ¢, defined
in Eq. (16). We decided to split each plot into two and
use a different scale on the (-axis, due to the very different
speeds of the 1- and 2-wave. Otherwise, the structure of
the 1-rarefaction-shock would not be visible on the plots.
Points a < b < ¢ < d on the {-axis correspond to the wave
speeds v (u;) < 01 < va(Up) < 02.

Remaining types of solution. For completeness, we
present in Fig. 15 the saturation paths in the ternary
diagram for all 9 solution types. These are:

(a) S182: both waves are genuine shocks and, therefore,
the solution comprises three constant states separated
by two discontinuities.

(b) S1Ro: the solution consists of a 1-shock and a 2-
rarefaction.

(¢) S1R2S2: the solution comprises a genuine 1-shock
through the left state and a composite 2-rarefaction-
shock through the right state.

(d) R1Ss: the left state and the right state are joined by
a l-rarefaction followed by a 2-shock.

(e) R1R2: both waves are rarefactions, so the solution is
continuous everywhere.

(f) R1R282: a l-rarefaction from the left state is followed
by a composite 2-rarefaction-shock to the right state.

(g) R18518s: the slow wave emanating from the left state
is a composite rarefaction-shock, which is followed by
a genuine 2-shock to the right state.

(h) R1S1Ro: the left state is joined to the intermediate
constant state by a composite rarefaction-shock, and
the right state is reached along a 2-rarefaction.

(i) R1S81R2S2: both waves are rarefaction-shocks.

All cases discussed above give a complete set of solutions
to the Riemann problem of three-phase flow, under the fol-
lowing assumptions: (1) the system is strictly hyperbolic;
and (2) inflection loci are single connected curves, transver-
sal to the integral curves, and correspond to maxima of the
eigenvalues.

The widely used conceptual model of three-phase flow
as consisting of two successive two-phase flow displace-
ments!?°960 can now be understood in the context of
the complete solution. This model is an approximation
to the actual solution, which assumes that each wave (W,
and Ws) is parallel to one of the edges of the ternary dia-
gram. Of course, this approximation is accurate only under
very restrictive initial and injected conditions.
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Fig. 13— R1S1R2S: solution path in the ternary diagram. Both waves are rarefaction-shocks, which intersect at the intermediate
constant state u,,. The post-shock states u] and u3 correspond to the points where the rarefaction curve and the shock curve of
the same family are joined.

0.5 10
N ] —*
:Q‘ e ——— ] | //
] "
0 0
3
O) \l_
0
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0 k
CQQ /'_ //'
C
0 /

0 a b 01 0.1 d 10

¢ ¢

Fig. 14— Profiles of wave speeds v, and v, and phase saturations S,,, Sy and S, for the R1S1R2S> solution. The solution is plotted
against the similarity variable {. Points a < b < ¢ < d on the (-axis correspond to the wave speeds v (u;) < o1 < v2(Um) < 02.
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(h) R1S1R2 (i) R1S1R282

Fig. 15— Examples of saturation paths for all 9 solution types. These 9 cases constitute the complete set of solutions to the Riemann
problem of three-phase flow.
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Conclusions

Following the unambiguous hints from physics, we have
first assumed the strict hyperbolicity of the system of
equations describing three-phase immiscible flow, and
then investigated the conditions on relative permeabili-
ties that follow from this assumption. The mathematical
derivations presented here lead to meaningful conclusions
that agree with experimental observations and pore-scale
physics. Our paper has two key results:

1. The derivation of general conditions on relative per-
meabilities necessary to preserve strict hyperbolicity.

2. The presentation of the complete general solution to
the Riemann problem of three-phase, incompressible
and immiscible flow.

It turns out that a physically reasonable assumption of
a finite positive slope of the gas relative permeability func-
tion is the most serious condition that must be imposed
so that all three relative permeabilities are strictly hyper-
bolic everywhere in the three-phase flow region. For a
commonly used model of three-phase relative permeabil-
ities, reasonable values of fluid viscosities are sufficient to
preserve strict hyperbolicity.

It also turns out that in three-phase immiscible, incom-
pressible flow with negligible capillarity and gravity, the
complete solution of the Riemann problem involves a se-
quence of two waves, and each wave may only be a rar-
efaction, a shock, or a rarefaction-shock. Thus there can
only be 9 possible combinations of the admissible waves.
All these combinations are discussed in our paper. More-
over, the widely used model of three-phase displacement as
two successive two-phase displacements is identified as an
approzimation to the full solution. Such approximation is
sufficiently accurate only under very restrictive conditions.

The results of this paper will be useful in (a) plan-
ning and interpretation of three-phase displacement ex-
periments; (b) obtaining significantly more information
from the existing displacement experiments; (c) designing
the first complete analytical forward simulator to inter-
pret three-phase displacement experiments; (d) formulat-
ing better relative permeability models; and (e) formulat-
ing better streamtube simulators of three phase flow.

We will extend the work in this paper as follows: (a)
introduce gravity and capillarity; (b) obtain a complete
analytical forward model of three-phase flow; (c¢) develop
a new, consistent model of three-phase relative permeabil-
ities; and (d) validate it with experimental data.

Nomenclature
Roman letters

A Jacobian matrix of the system, dimensionless

f water fractional flow, dimensionless

fa fractional flow of the a-phase, dimensionless

f fractional flow vector [f, g] = [fw, f,], dimensionless

F, mass flux of the a-phase, m/L?t
g gas fractional flow, dimensionless

S NN PO
JIIETE ] =

2 Q
S.

Q

e 2T OhnnnR

ISERSTIS IS
é@tsz Hz‘i c

N8
S

gravitational acceleration, m/t?

Hugoniot locus of the p-characteristic family
integral curve of the p-characteristic family

2 x 2 identity matrix, dimensionless

absolute permeability, L?

relative permeability of the a-phase,
dimensionless

mass of the a-phase p.u. bulk volume, m/L3
global pressure, m/Lt?

pressure of the a-phase, m/Lt?

eigenvector of the p-family, dimensionless
rarefaction curve of the p-characteristic family
saturation of the a-phase, dimensionless
immobile saturation of the a-phase, dimensionless
reduced saturation of the a-phase, dimensionless
shock curve of the p-characteristic family
time, t

saturation triangle

water saturation S, dimensionless

vector of saturations [u,v] =[S, Sy, dimensionless
vector of reduced saturations,

dimensionless

self-similar solution [u,v], dimensionless

gas saturation S, dimensionless

total velocity, L/t

reduced total velocity, L/t

velocity of the a-phase, L/t

inflection locus of the p-characteristic family
wave of the p-characteristic family

space coordinate, L

vertical coordinate, L

Greek letters

1) discriminant of the eigenvalue problem,
dimensionless

¢ self-similarity variable, dimensionless

Ar total mobility, Lt/m

Aa relative mobility of the a-phase, Lt/m

Lo dynamic viscosity of the a-phase, m/Lt

Vp eigenvalue of the p-family, dimensionless

Pa density of the a-phase, m/L?

op speed of a shock of the p-characteristic family

10} porosity, dimensionless

Subscripts

, U partial derivative w.r.t. u

+ state to the right of a discontinuity

- state to the left of a discontinuity

* post-shock state

1 1-characteristic family

2 2-characteristic family

g gas phase

l left state

m intermediate constant state

0 oil phase

r right state

w water phase
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