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Abstract

In this paper we study one-dimensionalthree-phase®ow of immis-
cible, incompressible °uids through porous media. The model uses
the common multiphase °ow extension of Darcy's equation, and does
not include gravity and capillarity e®ects. Under these conditions,
the mathematical problem reducesto a 2 £ 2 system of consenation
laws, whoseessetial featuresare: (1) the systemis strictly hyperbolic;
(2) both characteristic elds are nongeruinely nonlinear, with single,
connected in®ection loci. We argue that these are necessaryprop-
erties for the solution to be physically sensible,and showv they are
natural extensionsof the two-phase®ow model. We presert the com-
plete analytical solution to the Riemann problem (constart initial and
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injected states) in detail, and describe the characteristic waves that

may arise, concluding that only 9 combinations of rarefactions, shocks
and rarefaction-shacks are possible. We demonstrate that assuming
the saturation paths of the solution are straight lines may result in

very inaccurate predictions for some realistic systems. Ezxcient al-
gorithms for computing the exact solution are also given, making the
analytical developmerts preseried herereadily applicable to the inter-
pretation of lab displacemen experiments, and to the implementation

in streamline simulators.

key words: °ow in porous media, consenation laws, Buckley-Leverett, hyper-
bolic system, waves, entropy solution

1 Introduction

Quartitativ e predictions of the “ow of three immiscible °uids |w ater, oil
and gas| arerequiredto assessnany processe®f great practical interest:
primary oil production belov bubble point and with movable water; water-
°oods, man-madeand natural; immiscible CO, °o0ods; steam °oods; gravity
drainage of gascapswith oil and water; water-alternating-gas(WAG) pro-
cessesand cortaminant intrusions into the shallov subsurfacejust to name
a few.

Here we study the classicalformulation of three-phase®ow, which makes
use of the common multiphase extension of Darcy's equation [33]. When
the fractional °ow approad is used,°ow of three immiscible incompressible
°uids is descriked by a pressureequation (whose solution is trivial in the
one-dimensionakase)and a 2 x 2 systemof saturation equations[10]. Capil-
larity e®ectserter the formulation asa nonlinear di®usionterm. It waslong
believedthat, for negligiblecapillary forces,the systemof equationswould be
strictly hyperbolic for any relative permeability functions. This is far from
being the caseand, in fact, most relative permeability models used today
give rise to systemswhich are not strictly hyperbolic for the ertire range
of admissible saturations [8,15,18,19,39,40]. Loss of strict hyperbolicity
typically occursin boundedregionsof the saturation triangle (the so-called
elliptic regions), wherethe systemis elliptic in character. The only relative
permeability modelsin the existing literature which do not produce elliptic
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regionsare those where the relative permeability of a phasedependssolely
on the saturation of that phase[30,44]. This behavior is not supported by
experimenrtal results [34]. For models of this type, the elliptic region (where
eigervaluesare complex conjugates)shrinks to an isolated umbilic point (a
saturation state with a real double eigervalue), thus rendering a nonstrictly
hyperbolic systemat that point. The literature on mixed elliptic/h yperbolic
systems,and nonstrictly hyperbolic systemsis vast (see,e.g, [22,27,31] and
the referencegherein), yet a completetheory is still lacking.

It is our opinion that the presenceof elliptic regionscortradicts the ex-
pected physical behavior of a three-phasedisplacemen Arguments sup-
porting this view are givenin [20]. More precisely elliptic regionsshould not
be justi ed simply becausethey appear as a consequencef using Muskat's
postulate [33] (his multiphase extensionof Darcy's equation) and common
relative permeability functions. Therefore, we proposethat if appropriate
relative permeabilitiesare employed, nonphysical behavior of the solution is
avoided. It turns out [20]that it is indeed possibleto imposeconditions on
the relative permeability functions so that the system of saturation equa-
tions is strictly hyperbolic insidethe ertire saturation triangle. The required
conditions are in agreemeh with pore-scalephysicsand experimertal data.

With the above considerationsn mind, we study in this paper the solution
to the Riemannproblem|initial data givenby two constan statesseparated
by a singlediscortinuity| of three-phase’ow. Becausethe systemis strictly
hyperbolic for all saturation paths of interest, we usethe theory of Lax [25],
asextendedby Liu [28,29]to systemswhosecharacteristic elds are neither
geruinely nonlinear nor linearly degenerate. A recent result for this type
of systems][1] is usedto limit the admissiblewave structure that may arise
in three-phasedisplacemets. Identi cation of the admissible wave types
allows us to presen, for the rst time, the complete catalogueof solutions
to the Riemann problem of three-phase®ow. Particular attention is given
to the actual calculation of the analytical solution. Excient algorithms are
presened, which are basedon a predictor-correctorstrategy coupledwith full
Newton iteration, and achieve quadratic corvergencein all cases. Someof
the dewelopmerts are more easilyunderstood whenintroducedin the context
of the well-known theory of two-phaseBuckley-Lewerett °ow [9]. For this
reason, the analogy between three-phase°ow and two-phase°ow will be
stressedthroughout the paper.

An outline of the paper is asfollows. In Section2 we presert the govern-
ing equationsof two-phaseand three-phase’ow, under the Buckley-Lewerett
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conditions. Important properties of the equationsare explainedin Section3,
and the character of the systemis discussed. In Section 4 we presen the
complete set of solutionsto the Riemann problem of three-phase’ow. The
analytical solution of the two-phase®ow caseis also given to motivate the
dewelopmerts. As an application of the analytical solution, in Section5 we
descrike an example of water and gasinjection into a core that is initially
‘lled with oil and water, and we ewaluate the accuracy of a common ap-
proximation of the exact solution. The main conclusionsare summarizedin
Section6. Algorithms for the excient calculation of wave curvesand selected
solution typesare compiledin the Appendices.

2 Governing equations

We study multiphase °ow in porous media under the following assumptions:
One-dimensional’ ow

Immiscible °uids

Incompressible®uids

Homogeneousigid porous medium

Multiphase °ow extensionof Darcy's law

o o A 0w DhRE

Negligible gravitational e®ects
7. Negligible capillary pressuree®ects

A derivation of the governing equationswas preserted in [20] (seealso[3,7,
10,37]). In order to stressthe analogy betweentwo-phaseand three-phase
°ow, we presen herethe fractional °ow formulation of multiphase °ow in a
uni ed setting. By assumption2, there is no masstransfer betweenphases
and, therefore,onecanidertify componerts with phases.For two-phase’ow
we may have, for example, water (w) and oil (o) componerts. For three-
phase°ow, we shall considera system consisting of water (w), gas(g) and
oil (o). The one-dimensionaimassconsenation equation for the a-phaseis,
in the absenceof sourceterms:

ome+ 0,F,=0, O<zx<L, t>0 «a=1...,n, (1)
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where m,, is the massof the a-phaseper unit bulk volume, F,, is the mass
°ux of the a-phase,d,(-), 0.(:), denote partial derivatives with respect to
time and space,respectively, L is the length of the domain, and n is the
number of phases.The massof the a-phaseper unit bulk volumeis:

Mo = paSad, )

wherep,, isthe density of the a-phase,S,, is the saturation of the a-phase,and
¢ is the porosity. The phasedensitiesand the porosity are assumedconstart
(assumptions 3 and 4, respectively). Mass °uxes are modeled using the
commonmultiphase °ow extensionof Darcy's equation [33] (assumption5).
Neglecting gravitational and capillarity e®ects(assumptions6 and 7), the
mass°ux of the a-phasetakesthe form:

Fa = _pak)‘aa’rpa (3)

wherek is the absolutepermeability, p is the pressure,and A, is the relative
mobility of the a-phase,de ned as
kra

Ao = ,
Ha

(4)

where £, is the relative permeability, and 1, the dynamic viscosity of the
a-phase. Substituting Equations (2) and (3) into (1), the massconsenation
equationsread:

0y S, + 8z(—$k)\a8xp) =0, a=1...n. (5)

Equations(5) arenot all independern from ead other, asthey have to satisfy
the constrairt that the °uids 1l up the pore volume, " _, S, = 1. The
fractional °ow approach decouplesthe problem into a \pressure equation”
and a \saturation equation” [10]. Adding the consenation equationsfor all
phasesand using the saturation constrairt, we obtain the pressureequation:

d,vp = 0, (6)
where

vp = —ékATaxp (7)
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n

is the total velocity, and A = > _, A, is the total mobility. The pressure
equation dictates that the total velocity vy is at most a function of time.

When gravity and capillary forcesare not considered,the fractional °ow of

the a-phaseis simply:

Aa
fo =

b (8)

2.1 Two-phase °ow

With the de nitions (7){(8) above, two-phase’ow is governed by a salar
saturation equation,
atSw + UTaxfw = 07 (9)

and the algebraic constrairt S, = 1 — S,. By de nition, the water satu-
ration cannot be negative or greaterthan 1. For the purposeof this paper,
saturationsare understood to be renormalized[20], sothat the rangeof satu-
rations [0, 1] coversthe two-phase’ow region, whereboth phasesare mobile.
We usethe following equivalert notation:

W=Sy,  f=fu (10)

and introduce the dimensionlesspaceand time coordinates:

T

Tp = E, (11)
1 t
tp = —/ ’UT(%) d% (12)
L 0
With thesede nitions, we write Equation (9) as:
Ju of
4+ 2 = 13
8tD 8:1:,3 0 ( )

We shall abusenotation and understandz and ¢ as dimensionlessspaceand
time coordinates, and write (13) simply as:

du+ 8, f = 0. (14)
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2.2 Three-phase °ow

Three-phase’ow is described by a 2 x 2 systemof saturation equations,

Sw Jw) _ (O
@)@ e

and the algebraicconstrairt S, = 1— S, —S,. The solution is restricted to
lie in the saturation triangle:

T := {(Suw,Sg) 1 Sw >0, Sy;>0, S,+S,<1}. (16)

The saturation triangle is usually represered asa ternary diagram (seeFig-
ure 1), on which the pair (S,,S,) is represeted as the triple (S,,Sy,S,),
where S, = 1- 5, — S,. De ning the equivalert vector notation:

() 0w

and understandingthe spaceand time variablesastheir dimensionlesgoun-
terparts (Equations (11){(12)), the system (15) can be written in its nal
form:

ou+ o, f =0. (18)

After a changeof variables,the vector of unknowns u can be understood
asthe vector of reduced saturations, rather than actual saturations[20]. After
this renormalization, the three-phase’ow region|where all three phasesare
mobile| coversthe ertire saturation triangle.

3 Mathematical structure of the equations

In this sectionwe describke the mathematical structure of the equationspre-
serted in Section 2, and the behavior of solutions to these equations. We
start with the simpler caseof two-phase°ow and then addressthe more
complicated structure of three-phase®ow. The character of Equations (14)
and (18) will be determined by the functional dependenceof the fractional

°OWS: \ o
fa — o T ,ua

= Qoo _ Fra/lla 8
S S )
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Figure 1. Saturation triangle (top) and ternary diagram (bottom).

We neglectthe dependenceof phaseviscosities;, on pressureand tempera-
ture, and take them as constarts. Therefore,the character of the systemis
a direct consaejuene of the relative permeability model. Relative permeabil-
ities k,, are assumedo be functions of the current °uid saturations only.

3.1 Two-phase °ow

The analysisof the salar equation (14) governing two-phase°ow is useful
asa preliminary stepto the much more complicatedsystemdescribingthree-
phase°ow.

For two-phase’ow, we assumethat relative permeabilitiesdepend on the
water saturation alone:

krw = krw(u)a kTO = kTO(u)‘ (19)
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Figure 2. Typical behavior of the relative permeability functions for an
oil-water system.

An exampleof the typically assumedbehavior of relative permeabilities for
an oil-water systemis given by the functions (Figure 2):
krw = w2, kyo = (1 —u)?. (20)

From the de nition of the fractional °ow in Equation (8),

— krw/,uw — krw
fw - kr_w + kr_o - k’ + 'u—wk? . (21)
Lo Lo W o TO

Using the quadratic model (20) for the relative permeabilities, and de ning
the viscosity ratio p+:= 1.,/ 1., We get the following expressionfor the °ux:

U2

u? + (1 —u)?

f(u) = (22)
The °ux function above is depicted in Figure 3 for di®eren values of the
viscosity ratio . Despiteits simplicity, this model displays the key featuresof
two-phase’ow in porousmedia: the °ux function is S-shaped and, therefore,
nonanvex

Sincethe °ux f is a real function of u only, the saturation equation (14)
is hyperbolic. In Figure 4 we plot the °ux function for the quadratic relative
permeabilities(20) and aviscosity ratio = 0.5, and show that the saturation
rangeU = [0, 1] canbe split into a convexand a concaveregionU = [0, uo]U
[uo, 1], respectively. Moreover, the derivative of the °ux function attains its
maximum value at the in°ection point w.
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(a) Flux function (b) Flux derivative

Figure 3. Typical behavior of the °ux function in two-phase®ow, for dif-
ferert valuesof the viscosily ratio rt:= iy, /1to-
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Figure 4. Convexity regionsof the °ux function in two-phase°ow.

Remark. As we shall seethesegeneralproperties (noncorvex °ux func-
tion f, with a single in°ection point, where f° attains a maximum value)
determine the type of admissible solutions of two-phase°ow displacemen
processes.

One can usethe method of characteristicsto shawv that solutionsto the
two-phasesaturation equation may involve discortin uities [26]. The charac-
teristics are curvesx(t) on the (z,t)-plane, which are integral curvesof the
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ordinary di®erertial equation

dz _
o= ). 23)

If Equation (14) admits a classical(continuous and di®ereniable) solution,
the rate of changeof the solution « along a characteristic is

Du d ou ou

— = — t),t) = —+ —=0 24
o = 0,0 = S+ S =0 (24)
that is, u is constart alongthe characteristics. As illustrated in Figure 5, the
construction above deelopsa triple-valued solution even for smaooth initial
conditions. This non-physical behavior indicates that the classicalsolution
hasto be replacedby a weak (discortin uous) solution.

3.2 Three-phase °ow

We now study the mathematical structure of the system of equations(18)
governing three-phase’ow. We arguewhat is the expected character of the
system,and what restrictions should be imposedon the relative permeabili-
ties as functions of °uid saturations.

3.2.1 Character of the system of equations

The system(18) is a 2 x 2 real systemof rst-order partial di®eretial equa-
tions. Its characteris determinedby the eigervalue problem:

Ar = ur, (25)

where

: _ _ [ fuu) fv(U)>
A =D, =f(u)=(" ’ 26
- w) <g,u(U) 9.,(U) (26)
is the Jacobian matrix of the system, v is an eigervalue, and r is a right
eigervector, all evaluated at the saturation state u. Subscriptsafter acomma
denotedi®erertiation (e.g, f., = 0,f). The eigenvalues/;, i = 1,2 aregiven

by:

1
V1,2 = é [f,u + g,v :F \/(f,u - g,v)2 + 4f,vg,u:| . (27)
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Figure 5. The two-phaseBuckley-Leverett °ow problem dewelopsa non-
physicaltriple-valuedsolution, with characteristicsthat intersect

ead other, even when the initial conditions are smaooth.

The right eigenvetors r ; = [r;,,7:,]¢, 7 = 1,2 are calculatedby the following

expressions:

Tﬁ = 1~ f,u = Yu

)
Ty f,v Vi — G
Tﬂ - f,v — Vg —Gw
20 Vo — f,u 9u

The systemmay be classi edinto four categories[20]:

1. Strictly hyperholic.

(28)

(29)

The eigervalue problem has two real, distinct,
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eigervalues. The Jacobian matrix is diagonalizableand there are two
real and linearly independert eigervectors[2].

2. Elliptic. The eigervaluesare complex conjugates.

3. Nonstrictly hypertolic. Thereis a doublereal eigervalue, and the Jaco-
bian matrix is diagonalizable.The systemis hyperbolic (real eigerval-
uesand linearly independen eigervectors) but not strictly hyperbolic
(which requiresthat the eigervaluesbe distinct).

4. Paralolic. The systemhasa real, double eigervalue, and the Jacobian
matrix is defective (non-diagonalizable).

In [20] we arguethat the systemshould be strictly hyperbolic for all sat-
uration statesin the three-phase®ow region. In this case,the systemhas
two distinct families of characteristic curves, which carry wavestraveling at
di®eren characteristic speeds[47]. In particular, we do not allow for mathe-
matical singularities suth as elliptic regions (regionsof the saturation space
wherethe systemis elliptic in character) and umbilic points (isolated satura-
tion stateswherethe systemis nonstrictly hyperbolic) inside the saturation
triangle. We support the view that these singularities are artifacts of an
incorrect mathematical model, rather than a necessaryonsequenceictated
by physics[10,11,15,20,21,32,40].

3.2.2 Relativ e permeabilities

It is not the purposeof this paper to review the current models of relative
permeabilities (see, e.g, [4,32] and the referencestherein). It sutcesto
sa&y that most of them give rise to elliptic regions[8,15,19,40]. In [20] we
show it is possibleto formulate models which are strictly hyperbolic every-
wherein the three-phase®ow region, even when using the usual multiphase
form of Darcy's equation, and relative permeabilities which are functions
of the current °uid saturations alone. Enforcing strict hyperbolicity leads
to genericconditions that the relative permeability functions must satisfy.
It turns out that the most seriouscondition that needsto be imposedis a
positive derivative of the gasrelative permeability near its immobile satura-
tion. This requiremert is supported by pore-scalephysicsand is alsoin good
agreemehwith experimental data [20]. The proposedtype of relative perme-
abilities producesa model that: (1) is everywherestrictly hyperbolic inside
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the ternary diagram; and (2) presents a singleumbilic point at the corner of
100%reducedgassaturation (the G vertex of the saturation triangle).

In [20] we also show that a very simple relative permeability model sat-
is es all the required conditions. The relative mobilities are given by:

Mo = (U ), (30)
o= (U/ng) (B + (L= B)0?), f,>0 (31)
Ao = (1)L — u— 0)(L — u)( ). (32)

The most important feature of the model is the positive derivative of the
gas relative permeability function as it approates zero. The model con-
sidersthat the relative permeabilities of the most and least wetting °uids
(usually water and gas) depend only on their own saturation, whereasthe
relative permeability of the intermediate wetting °uid (usually oil) depends
on all saturations. This is a commonassumptionin hydrogeology[36] and
petroleum engineering[42,43]. Although we do not defendthis assumption
in general,it can be shovn [20] that the relative mobilities (30){(32) yield a
systemwhich is strictly hyperbolic everywherein the saturation triangle, as
long asthe following conditions are satis ed:

Hg
By > ; (33)
/TR
Ly < 2fbo. (34)
For illustrativ e purposes,we take reasonablevaluesof the viscosities:
pyw = 0878  p, =003 p,=2cp, (35)

and a small value of the endpoint slope: 3, = 0.1. Thesevaluesof the pa-
rameterssatisfy the two conditions (33){(34) above. Relative permeabilities
for all three phasesare shavn in Figure 6. We usethis model to carry out
all our samplecalculations.

3.2.3 Fractional °ow functions

From the de nition (8), water and gasfractional °ow functions are, respec-
tively (seeFigure 7),

)
fluy = e (36)
o(u,0) = ) @37)

Ar(u,v)
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Figure 6. Isopermsof all three phasesfor the relative mobilities (30){ (32) usedin this paper.

(a) Water fractional °ow (b) Gasfractional “ow (c) Qil fractional °ow

Figure 7. Contour plots of the fractional °ow functions of all three phasesfor the relative mobilities (30){
(32) with viscosities(35) usedin this paper.
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4 Solution to the Riemann problem

4.1 Intro duction

The Riemann problem consistsin nding a (usually weak) solution to the
systemof consenation laws:

ou+90,f =0, —co<zr<oo, t>0, (38)

with initial condition

u, ifz<0,
u(z,0)= 39
(2,0) {ur if 2> 0. (39)

For three-phase°ow, the system of governing equationsis the 2 x 2 sys-
tem (18), whereasfor two-phase®ow it reducesto the scalarequation (14).
Unrealistic asit may seem(unboundeddomain, and piecewiseconstart ini-
tial data with a singlediscontinuity), the solution to the Riemannproblemis
extremely valuable for practical applications. Many laboratory experimerts
reproducein fact the conditions of the Riemann problem: the medium has
initially homogeneoussaturations, and the proportion of injected °uids is
held constart during the experimert. The solution to the Riemann problem
gives also information about the structure of the system of equations, and
can be usedas the building block for obtaining solutionsto problemswith
more complexinitial conditions (as in the Godunov method [16,26]).

The system (38) is invariant under uniform stretching of coordinates
(z,t) — (cx, ct) and, therefore, admits self-similar solutions. The property
of self-similarity has beentermed \stretc hing principle” [45] or \coherence
condition" [17,38]in the petroleum engineeringliterature. It meansthat the
solution at di®eren times \can be obtained from oneanother by a similarity
transformation.” [5] We seeka solution of the form

u(z,t) = U (), (40)
where,in our case,the similarity variable { is simply
(= —. (42)

It can be shavn (see, e.g, [12]) that self-similar solutions (40) of the
Riemannproblem (38){(39) are compositesof constan states, shacks joining
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constart states,and rarefaction wavesconnectingconstart statesor cortact
discortinuities. More precisely sincefor a strictly hyperbolic systemwaves
of di®eren families are strictly separated,any self-similar solution to the
Riemann problem for a n x n systemcomprisesn + 1 constart states:

w W Whn— W
U= Up—2Up—> - =5 Uy —> Uy, = Uy (42)

Statesu;; ; andu; arejoined by a waveof the ;-family (WV;) which, in general,
may consistof ¢-rarefactions,:-shocks and/or i-cortact discortin uities.

Next, the admissiblewave structure for two-phaseand three-phase®ow
is described, and the complete set of solutions to the Riemann problem is
given.

4.2 Riemann problem for two-phase °ow

The solution to the two-phasedisplacemen problemwas presered originally
by Buckley and Leverett [9]. Many of the featuresin the displacemen theory
of three-phase®ow are natural extensionsof conceptsalready presert in the
two-phase’ow case.Someconceptsare more easily understood in the latter
case,which involvesa scalarequation rather than a system.

4.2.1 \Wave structure

In the two-phase®ow case,the Riemann problem involvesthe salar equa-
tion (14). Therefore,the left and right states (u; and u,., respectively) are
joined by a single wave:

L (43)

When the °ux function f of a scalar consenration law is convex, the wave
appearing in the solution is either a shaock or a rarefaction. When f is
not corvex, asin the presen case(seeFigure 4), the characteristic wave
may involve both [26]. We now study in more detail the structure of the
wave connectingthe two constant statesw; (left) and w,. (right). There are
three possiblewave types, namely: a single rarefaction, a single shock, and
a composite rarefaction-shak.

Single rarefaction (R) A rarefaction (a term coinedin the cortext of
gas dynamics) is a smaoth solution U(¢), with U((;) = w, and U((,) =
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Figure 8. Exampleof a singlerarefaction solution to the Riemannproblem
of two-phase®ow. The characteristic speed f° increasesmono-
tonically from the left state to the right state, and the solution
is smooth and single-\alued.

u,. If the solution is smooth (continuous and di®eretiable), substituting
Equations (40){(41) into Equation (14), we obtain:

A= ¢U° (44)

If the solution is not a constart function, that is, if U°% 0, it must satisfy:

¢ = fqU). (45)

Clearly, the solution is admissibleonly if the characteristic speed f°increases
monotonially from the left stateto the right state. Otherwise,characteristics
intersect on the z-t plane, and the solution is not single-walued. For the

characteristic speedto increasemonotonically, both left and right statesmust

lie on the samecorvexity region, that is,

up > up > ug, O up < u, < ug. (46)
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Uy

Figure 9. Sdematic of a shock.

An exampleof a rarefaction wave solution is showvn in Figure 8 for the
caseu; > u, > ug, using the fractional °ow function (22) with = 0.5. The
“gure includesa plot of: (a) the °ux function indicating the left and right
states; (b) the °ux derivative; (c) the solution pro le at ¢ = 1; and (d) the
characteristicson the z-t plane. The solution is constart along characteris-
tics, and characteristics spreadfrom the origin in a rarefaction fan.

Single shock (S) A shak is a traveling discortinuity. Discortinuities
are allowed in the context of weak solutions, and they dewelop whene\er
the characteristic speed f° at the left state is larger than that at the right
state. Otherwise, characteristics would intersect and the solution would be
multiple-valued. If ashock connectstwo states,u;, = U(¢; ) anduy = U((,),
asshown schematically in Figure 9, the speedof propagationo is determined
by the Rankine-Hugoniotcondition:

Jluy) = f(u ) = o (ugp — ;). (47)

This condition is, in essencea massconsenation statemert whenthe solution
is discortinuous. In the scalarcase,it is equivalert to the equal-arearule [9,
26]. For the solution to be admissible,the shack must satisfy the Lax entropy
condition for geruine shocks [25,26,41]:

;) > 0> fAuy). (48)

In Figure 10 we show the caseof a single shack betweentwo constart
states, including: (a) the °ux function indicating the left and right states;
(b) the °ux derivative and the shack speed;(c) the solution pro e at ¢t = 1;
and (d) the characteristicson the z-t plane. The solution satis es the Lax
ertropy condition, which implies that characteristicsgointo the shack.
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Figure 10. Example of a singleshack solution to the Riemann problem of
two-phase’ow. The speedof propagationof the discortinuity is
determinedby the Rankine-Hugoniotcondition, andit is readily
cheded that characteristicsgo into the shock.

Comp osite rarefaction-sho ck (RS) It might not be possibleto connect
left and right stateswith a simple wave. In somecases,a composite wave
consistingof a rarefaction and a shack is required. The left and right states
must lie on di®eren corvexity regionssothat the characteristic speedis not
monotonic, that is,

U > ug > Uy, OF up < ug < Up. (49)

The solution involves at most one rarefaction and one shack, becausethe
fractional °ow function has one in°ection point only. Moreover, since the
in°ection point correspndsto a maximum value of the derivative, the rar-
efaction fan of a composite wave is always slowver than the shock [1]. The
rarefaction and the shock are connectedat someintermediate point u., called
the post-shak value This is the value of w at which the left characteristic
speed (rarefaction fan) coincideswith the speed of the right discortinuity
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Figure 11. Example of a composite rarefaction-shak solution to the Rie-
mann problem of two-phase®ow. Left and right stateslie nec-
essarily on opposite sidesof the in°ection point and the rar-
efaction is always behind the shack. The speedof propagation
of the discortinuity is determinedby the concave hull construc-
tion.

(shock):
Ua) — J (U,
fAue) = 06 = —f( ) =/ ) (50)
Ug — Uy

Equation (50) is a nonlinear equation, which can be solved, for example, by
Newton iteration.

The wave joining the left and right constart statesis, thus, a rarefaction-
shack (W = RS), which we expressschematically as follows:

u R e = Uy (51)

The appropriate criterion for ascertainingadmissible shacks when the °ux
function is not corvex is the Oleinik entropy condition [12,35,41], which
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statesthat any discortinuity joining the statesu; and u, must satisfy:

Fu) = F) o Fs) = fOn) _ f(us) = ()

u— Up — U Uy — U

(52)

for all u betweenw, and u,. This ertropy criterion is equivalert to the
concave hull construction [26]. In the particular caseof two-phase°ow,
wherethe °ux function hasonly one changein corvexity, assaiated with a
maximum value of the derivative, condition (52) reducesto cheding that the
characteristic speed f° must increasefrom left to right alongthe rarefaction
fan, and that the shack satis es:

fAua) 2 00 > fAw,). (53)

A solution which involvesa composite rarefaction-shak wave is shavn in
Figure 11, computed for the fractional “ow function (22) with # = 0.5, as
before.

4.2.2 Complete set of solutions

The solution to the Riemann problem of two-phase®ow consistsin a single
wave that joins the left and right constart states. As shavn above, this wave
may only be a rarefaction, a shack, or a rarefaction-shak. Therefore, only

three types of solutions are possible. In Figure 12 we presert an algorithm

which summarizesthe processof obtaining the wave structure for two-phase
‘ow.

4.3 Riemann problem for three-phase °ow

The systemof consenation laws (18) describingthree-phase’ow isa 2 x 2
system, which is strictly hyperbolic for all saturation paths of interest [20].
This implies that there are two separatedwaves connectingthree constart
states: u; (left), u,, (middle), and u, (right). Therefore, the solution to
the Riemann problem for three-phase®ow reducesto nding the intermedi-
ate constart state u,, asthe intersection of an admissible1-wave W; (slow
wave) and an admissible2-wave W, (fast wave) on the saturation triangle
(Figure 13):

uluumMur. (54)
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e Givenleft and right states: u;, u,

S(w) — f(uy)

Uy — Uy

e Trial shack speed: o'l =

IF fYw) > o™ > fYu,) THEN
e S: Singleshack with speedo = otrial
ELSE
IF fqw) < fqu) & fu)fQu,) > 0 THEN
e R: Singlerarefaction

ELSE

e RS: Composite rarefaction-shak
- Post-shak value u, sud that f{us) = o
- Shock speed: o = w

END

END

Figure 12. Algorithm for obtaining the wave structure for two-phase®ow.

The theory of strictly hyperbolic systemswas compiledby Lax [25]. The
solution to the Riemann problem wasrestricted to systemswhosecharacter-
istic “elds are either geruinely nonlinear or linearly degenerate.The notion
of geruine nonlinearity, which is madeprecisebelow, is certral to solvingthe
Riemann problem of three-phase®ow. Basically, geruine nonlinearity of a
characteristic eld is the natural extensionof corvexity of the °ux function
for scalar equations. As we shall see,this property does not hold for the
three-phase’ow system,much in the sameway asthe °ux function in two-
phase‘°ow is not corvex. The theory of Lax was extendedby Liu [28,29]
to nd Riemann solutions for systemswith nongeruinely nonlinear elds.
This theory is usedhereto describe the admissiblewave structure, and the
completeset of solutionsto the Riemann problem.
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Figure 13. Sdematic represemation of the generic solution to the Rie-
mann problem of three-phase’ow. The solution comprisestwo
distinct waves(slow and fast waves) connectingthree constan
states, and ead wave might involve traveling discortin uities.
On the left plot we showv a possiblecon guration of the wave
curvesin the saturation space.On the right plot we display the
correspnding saturation pro le for oneof the componerts (gas
saturation, say) againstthe similarity variable { = xz/t.

4.3.1 Wave structure

We now describe the structure of the wavesin the Riemann solution. From
the theory of strictly hyperbolic consenation laws[12],a wave of the i-family
consistsof i-rarefactions, i-shacks and/or i-cortact discortinuities. This is
discussedhext.

Integral curv esand rarefactions Rarefactionsare smooth wavesjoining
constart statesor cortact discontinuities. If the solution is smooth, using
Equations (40){(41) in Equation (38), a self-similar solution of the Riemann
problem satis esthe systemof ordinary di®erenial equations

A(U)U°= ¢u® (55)
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whereA (U) is the Jacobianmatrix of the system(Equation (26)). This is an
eigervalue problem, where the similarity variable ¢ = =/t is an eigervalue,
and U° is a right eigervector. Becausethe systemis strictly hyperbolic
(Section 3.2.1), there exist two distinct eigervaluesv; and two linearly in-
dependen eigervectorsr ;, correspnding to the two di®eren characteristic
familiesi = 1,2. This leadsto the following de nition: An i-rarefaction is
a smaooth function U ;({) satisfying Equation (55), wherethe parameter( is
not arbitrary, but the i-eigervalue of the Jacobianmatrix of the system:

¢ = vi(Ui(Q)). (56)

It follows that an i-rarefaction curve (in phase space) must lie on an
integral curve of the i-family, that is, a curve whosetangen at any point U
is in the direction of the i-eigervectorr ;(U) at that point. The two families
of integral curves, usually termed as slow and fast paths, are depicted in
Figure 14 for the relative mobilities (30){(32).

A rarefactioncurve U ;(¢) will provide anadmissiblesingle-valuedsolution
only if the similarity variable parameter( = v; increasesnonotoniclly along
the curve from the left state to the right state.

Rarefactioncurvescanbe calculatedby simplenumericalintegration with
a Runge-Kutta algorithm, asexplainedin Appendix A.1.

Hugoniot loci and shocks Any propagatingdiscortinuity connectingtwo
statesu; = U(¢;) and uy = U((y), must satisfy an integral consera-
tion equationfor eat variable, known asthe Rankine-Hugoniotjump condi-
tion [26]:

fuy)—f(u;)=o(uiup)-(up —uyp), (57)

whereo(u;u; ) is the speedof propagation of the discortinuity. For a xed

state u; , one can determine the set of statesu_ which can be connected
to u; sud that Equation (57) is satis ed. There are two familiesof solutions,
onefor ead characteristic family, which form two curvespassingthrough the
referencestate u, : H;(u, ) and Hy(u, ) (Figure 15). The set of points on
ead of these curvesis called the Hugoniot locus It is easyto showv [26]
that the Hugoniot curves are tangert to the correspnding eigervectors at

the referencepoint u; . Moreover, sincethe systemis strictly hyperbolic,

Hugoniot loci do not have detached branches and are transversal to eah

other [12].
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1 — 1-family
- — — 2-family

Figure 14. Integral curves for the relative mobilities (30){(32). Integral
curvesof the 1- and 2-family are usually termed slow and fast
paths, respectively.

Not ewvery discortinuity satisfying the Rankine-Hugoniot condition is a
valid shack. For a geruine shock of the i-family (an i-shack) to be physically
admissible,it must satisfy the Lax entropy condition [12,25,26,41]:

vi(u; ) > oi(ugiu;) > vi(uy), (58)

whereu,; andu . arethe valuesat the left and at the right of the discorti-
nuity, respectively. Condition (58) impliesthat characteristicsof the i-family
gointo the shock. A shack curve of the i-family passingthrough point u, ,
denotedas S;(u; ), correspndsto a subsetof the Hugoniot locus H;(u; ),
for which the ertropy condition (58) is satis ed.

An algorithmic procedurefor the calculation of the Hugoniot loci, based
on a Newton iterative stheme,is detailed in Appendix A.2.

In°ection loci and rarefaction-sho cks The notion of geruine nonlin-
earity is crucial to the wave structure arising in multiphase °ow. The i- eld
is said to be genuinelynonlinear if the i-eigervalue v; varies monotonically
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(b) Referencestate u; = (0.4,0.3)

Figure 15. Plot of the Hugoniotloci of both characteristic families, Hy(u; )
and Hz(u, ), for the relative mobilities (30){(32) and two dif-
ferert referencestatesu; (4).
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alongintegral curvesof the i-family. This is expressednathematically as:
Vy(U)-ry(U)# 0 forall U, (59)

where Vy;(U) := [0v;/0u, dv;/Ov]" is the gradiert of v;(U). This condition
is equivalert to that of corvexity, f%u) # 0 Vu, for scalarconsenation laws.
The i- eld is said to be linearly degenente if v; is constart along integral
curvesof the i-family, that is,

Vy;(U)-r;(U)=0 forall U. (60)

Of course the valueof v;(U ) may vary from oneintegral curveto the next. As
it turns out, the characteristic elds of the systemdescribingthree-phase’ow
are neither geruinely nonlinear nor linearly degenerate: eigervalues attain
local maxima along integral curves. We can therefore de ne the in°ection
locus V; for the i-characteristic eld asthe set of points U sud that

Vy(U)-ry(U) =0, (61)

that is, the locations at which v; attain either a maximum or a minimum
value when moving along integral curvesof the i-family.

In Figure 16 we show cortour plots of eigervaluesand the in°ection loci
for both characteristic families. We note that in all realistic models of multi-
phase®ow, the in°ection locuscorrespndsto maxima of eigervalues. This is
consisten with the well-known behavior of the °ux function for the two-phase
°ow case,wherethe fractional °ow function is S-shaped, and the in°ection
point correspndsto the maximum value of the derivative (Figure 4).

For a strictly hyperbolic systemwhosecharacteristic elds are geruinely
nonlinear, any wave connectingtwo constart statesu; and u, canonly be a
rarefaction or a geruine shack, and any discortin uity must satisfy the Lax en-
tropy condition (58). If the characteristic elds are nongeminely nonlinear,
eat wave might consistin a conbination of rarefactions and disconinu-
ities [28,29]. In our case,sincethe in°ection locus for ead eld is a single
connectedcurve satisfying certain orthogonality conditions with respect to
integral curves,the composite wave hasat most onerarefaction and onedis-
cortinuity. Moreover, becausehe in°ection loci correspnd to local maxima
of eigervaluesalongintegral curves,the rarefactionis always slower than the
shack [1].

More precisely a rarefaction-shak of the :-family connectingthe left and
right statesu; and u,., respectively, is a curve on the phaseplane consisting
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Figure 16. Contour plots of eigervalues v; and the in°ection loci V; of

both characteristicfamilies, for the relative mobilities (30}{(32).

In°ection loci correspnd to local maxima of eigervalueswhen

moving along integral curves.
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of an i-rarefaction curve emanating from u,;, connectedto an i-shack curve
at someintermediate point u., which endsat the right state. We denote
this rarefaction-shak curve as R;S;(u;,u,) and, unlike rarefaction curves
or shack curvesalone,is de ned through both endpoints. The intermediate
state u, Is the post-shak state, at which the following property holds:

v;(Ug) = o;(U,;Ux). (62)

A necessaryondition for a R;S;(u;, u,.) wave is that the left and right states
lie on opposite sideswith respect to the in°ection locus V;. This rules out
the possibility of two sud states being connectedby a rarefaction wave,
since the characteristic speed would not be monotonically increasingand,
as a result, the solution would not be single-alued. Figure 17 shows two
rarefaction-shak curvesfor the rst characteristic family, correspnding to
the sameleft state but two di®erer right states. Note that the post-shak
value u,, at which the R, and S; curvesare connected,is di®eren for eah
case. This connectionis always very smaoth. In fact, it can be shovn [25]
that both curvesare connectedwith secondorder tangency(sameslope and
curvature).

If the i-characteristic eld is nongeminely nonlinear, any discortinuity in
the i-wave, connectingtwo statesu; (left) and u, (right), must satisfy the
Liu entropy condition [28,29], which statesthat

oi(U;u;) <oi(usuy), (63)

for all statesu € S;(u; ) betweenu; andu .. This condition generalizeghe
Oleinik ertropy condition (52) for scalarequationsto systemsof consenation
laws. In the particular caseof three-phase®ow, it is possibleto arrive at a
simpler condition. Becausen®ection loci are single connectedcurves, which
correspnd to maxima of eigervalues,it canbe shovn [1] that condition (63)
is equivalert to

vi(u;) = oi(ug;u; ) > wp(ug). (64)

Algorithms for calculating rarefaction-shak curves,basedon a predictor-
corrector strategy that adieves quadratic corvergence,are given in Ap-
pendix A.3.

4.3.2 Complete set of solutions

Basedon the analysisof the wave structure in Section4.3.1, a wave of the
i-family connectingtwo constart statesmay only be one of the following: an
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(b) Right state with u,. % 0.02

Figure 17. Rarefaction-shak curvesofthe 1-family with the sameleft state
u; = (0.5,0.5) and two di®eren right states. The dash-dotted
curve is the in°ection locusof the 1-family. Note that the post-
shock state u, is di®eren for eat case.
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R1R2Ss

R15152
R1S1R2
R1S81R282

Figure 18. Sdiematic tree with all possiblecombinations of solutions to
the Riemann problem of three-phase®ow.

i-rarefaction (R;), an i-shack (S;), or an i-rarefaction-shak (R;S;). Since
the full solution to the Riemannproblemis a sequencef two waves,V; and
W, there are only 9 possiblecombinations of solutions. A sdematic tree
with all possiblesolution typesis shavn in Figure 18.

In Figure 19 we presen the saturation paths in the ternary diagram for
all 9 solution types. Theseare:

(@) &;S;: both wavesare geruine shacks and, therefore, the solution com-
prisesthree constan statesseparatedby two discortinuities.

(b) Si1R.: the solution consistsof a 1-shak and a 2-rarefaction.

(c) S1R.S,: the solution comprisesa geruine 1-shak through the left state
and a composite 2-rarefaction-shak through the right state.

(d) R1Ss: the left state and the right state are joined by a 1-rarefaction
followed by a 2-shack.

(e) R1R,: both waves are rarefactions, so the solution is cortinuous ev-
erywhere.

(f) R1R,S,: a l-rarefactionfrom the left state is followed by a composite
2-rarefaction-shak to the right state.

(9) R1S5:1S,: the slowv wave emanating from the left state is a composite
rarefaction-shak, which is followed by a geruine 2-shak to the right
state.
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(h) R1S1R2: the left state is joined to the intermediate constart state by
a composite rarefaction-shak, and the right state is readed along a
2-rarefaction.

(i) R1S1R:2S,: both wavesare rarefaction-shaks.

All casesdiscussedabove give the complete set of solutions to the Rie-
mann problem of three-phase°ow, when the following physical properties
are satis ed: (1) the systemis strictly hyperbolic; and (2) the in°ection loci
are single connectedcurves, transversal to the integral curves, and corre-
spond to maxima of the eigervalues. Excient algorithms for the complete
calculation of the solution are given in Appendix B. They are basedon
a predictor-corrector strategy coupled with a full Newton iteration, which
achievesquadratic corvergencen all cases.

5 Application example: water-gas injection

In this section we describe in somedetail a synthetic example, where we
apply the analytical solution of three-phase’ow presetted in Section4. The
objective is twofold:

1. lllustrate the applicability and potential of the theory to develop exact
solutions for problemsof great practical interest.

2. Show that the wave structure arising in three-phase’ow displacemets
shouldnot be approximated by a sequencef two consecutie two-phase
°ow displacemets.

5.1 Description of the problem

The problem involves simultaneous injection of water and gasinto a core
that is initially Tled with oil and water, asshown in Figure 20. Initially , the
corehasconstart reduced(normalized) saturations of 0.950il saturation, and
0.05water saturation. Gasand water areinjected in sud proportion that the
reducedwater and gassaturations at the inlet are 0.5 and 0.5, respectively.
The injected reducedsaturations are assumedo be constart throughout the
experimert.

This physical problem is modeledmathematically asa Riemannproblem,
where two initially constart states are separatedby a single discortinuity.
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Injected saturations Initial saturations
Sw = 05 Sw = 0.05
S, =0 —> P S, = 0.95
Sy =05 Sy=10

Figure 20. Sketch of the injection problem. Water and gas are injected
into a coreinitially Tled with oil and water.

Here, the left (injected) saturation state is u; = (0.5,0.5), and the right
(initial) saturation state is u,. = (0.05,0). We usethe relative mobilities in
Equations (30){(32) with 3, = 0.1, and the °uid viscositiesin (35).

5.2 Exact solution

The exactsolution turns out to be of type R15:R.S,, that is, both wavesare
rarefaction-shaks: W, = R,S;, and W, = R,S,. The variablesthat need
to be determined to fully characterize the solution are: the intermediate
constart state u,,, the shock speedss; and o,, and the post-shak statesuf
and u; of ead wave. The constart state u,, correspndsto the intersection
of the two wave curves, while the post-shak states are the points where
the rarefaction curve and the shock curve of the samefamily are joined.
Sdematically, this can be represeted as follows:

ulﬁu‘l’iumﬁu;iur. (65)
A detailed algorithm to obtain this solution is givenin Appendix B.3.

In Figure 21 we shaw the saturation path of the exact solution. The cor-
responding saturation pro les are plotted in Figure 22 againstthe similarity
variable ¢ = z/t. Of course,the right state coincideswith the initial sat-
urations (95% oil and 5% water) and the left state is given by the injected
saturations (50% water and 50% gas). Becausethe characteristic speedsof
the slow and fast wavesare very di®erer, the ertire saturation pro Te shown
on the right plot 22(b) doesnot allow to visualize the structure of the slow
wave (1-wave). A detail of the 1-wave is showvn on the left plot 22(a). It
is apparert that the 1-wave involves changesin the saturation of all three
°uids.
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Figure 21. Saturation path of the exact solution to the water-gasinjec-
tion problem. Both waves are rarefaction-shaks (R;S: RS
solution). Dash-dotted curvesrepresen the in°ection loci.

5.3 Appro ximate solution

Classicalanalytical solutionsof three-phase’ow are usually restricted to the
casewhen saturation paths are straight lines [17,24,38,46]. This approx-
imation dates badk to the early conceptual model of a water°ood in the
presenceof gasby Kyte et al. [23]. In general,straight saturation paths arise
only when the relative permeability of eat phaseis assumedto be a linear
function of its own saturation.

The physical motivation for assumingsaturation paths that are straight
lines parallel to the edgesof the ternary diagram s to split the actual three-
phase’ow displacemeninto a sequencef two successig two-phasedisplace-
merts. In the context of the water-gasinjection problem described above,
this appraximation is equivalert to assumingthat the fast wave is a displace-
mert of oil exclusiwely by gas,and that the slov wave is a displacemen of
oil exclusiwely by water. Therefore,it is assumedthat the water saturation
is constart alongthe fast wave, and the gassaturation is constart alongthe
slov wave. The immediate bene t of this simpli cation is that the solution
may be computedusingthe theory of two-phaseBuckley-Lewerett °ow. Here
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(a) Detail of the 1-wave (b) Entire saturation pro le

Figure 22. Saturation pro les of the exactsolution to the water-gasinjec-
tion problem. Saturations of eat phaseare plotted againstthe
similarity variable = x/t. The right plot (b) shows the ertire
saturation pro le. Becauseof the very di®eren characteristic
speedsof the slow and fast waves,we shav a detail of the 1-wave
on the left plot (a).

we evaluate the accuracyof this simplifying assumption.

In Figure 23we shaw the saturation pathsthat result from the assumption
described above. The intermediate constart state u,,, is obvious to calculate
asthe intersection of the two wave paths. Each wave is then resoled using
the catalogueof two-phase’ow solutionsin Section4.2. It turns out that the
slow wave is a 1-shak (W, = &;), and the fast wave is a 2-rarefaction-shak
(W, = R»2Ss). Thus, the wave structure is di®erern from that of the exact
solution. In Figure 24 we plot the saturation pro les of the approximate
solution against the similarity variable (. The right gure 24(b) shaws the
ertire saturation pro le, and the left gure 24(a) a detail of the 1-wave. It
is evidert that, while the qualitative behavior of the fast wave is similar to
that of the exact solution (seeFigure 22(b)), the structure of the slov wave
is very di®eren (comparewith Figure 22(a)).
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Figure 23. Saturation path of the approximate solution to the water-gas
injection problem, which assumesthat saturation paths are
straight lines, parallel to the edgesof the ternary diagram. The
slow waveis a 1-shak, and the fast waveis a 2-rarefaction-sha@k
(S1R2S; solution). Eadh individual waveis fully determinedus-
ing the theory of two-phasedisplacemets.

5.4 Discussion

To better evaluate the accuracy of the straight-line approximation of the
saturation paths, we comparethe oil production of the exact and the ap-
proximate solutions. This is done by taking a xed length L of the core,
and calculating the amourt of oil displacedat the outlet at any given time.
Using the de nitions of dimensionlessspaceand time coordinates in Equa-
tions (11){(12), and the similarity variable in Equation (41), we plot the
results against the dimensionlesstime 7 := 1/ = t/z. The variables of
interest are:

1. Oil production rate. This quartity is proportional to the oil fractional
°ow f,; at the outlet face,that is:

Jon(7) = 1= f(7) — g(7). (66)
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Figure 24. Saturation pro les of the approximate solution to the water-
gasinjection problem, which assumeghat the three-phase’ow
displacemen s split into a sequencef two successietwo-phase
displacemets. Saturations of eat phaseare plotted against
the similarity variable { = z/t. The right plot (b) shaws the
ertire saturation pro le. The left plot (a) shows a detail of the
1-wave.

2. Cumulative oil production. This quartity is proportional to the frac-
tion Q,; of the original oil in placethat has beenswept through the
outlet face,that is:

Qui(7) = / " foan) iy (67)

In Figure 25 we plot the dimensionlessoil production rate f,; de ned
in Equation (66), as predicted by the exact solution and the approximate
solution. The appraximate solution agreeswell with the exact solution at
early times (roughly, for = < 3). The reasonfor this good agreemen is
that, at early times, only the fast wave has reated the outlet face, and
the exact saturation path of the fast wave may be appraximated accurately
by a straight line of constart water saturation (compare Figure 23 with 21,
and Figure 24(b) with 22(b)). Howewer, the appraximate solution deviates
very signi cantly from the exact solution for times = > 3, becauseboth
the saturation and the speed of propagation of the oil bank are predicted
incorrectly.
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Figure 25. Comparisonof the dimensionlessoil production rate predicted
by the exact solution and the approximate solution. The ap-
proximate solution deviates very signi cantly from the exact
solution becauseboth the saturation and the speedof propaga-
tion of the oil bank are incorrect.

A faulty behavior of the approximate solution is better visualized by
plotting the dimensionlesscumulative oil production @.; de ned in Equa-
tion (67), which is simply the area under the curve in Figure 25. This
quartity is shavn in Figure 26 for both the exactand the approximate solu-
tions. The curve given by the exact solution tends asymptotically to a value
of Qoiimax = 0.95, which is preciselythe initial reducedoil saturation. This
is requiredfor massconsenation. In cortrast, the curve predicted by the ap-
proximate solution readesa plateau of Qo max ~ 0.67 at time 7 ~ 15. This
behavior illustrates that the approximate solution is not massconsenative.

The results presened above motivate the following remarks:

1. Rarefaction-sha@ks waves,commonin two-phasedisplacemets, appear
alsoin realistic scenariosof three-phase®ow.

2. In the realm of Buckley-Lewerett modelsof three-phase’ow, individual
wavesinvolve simultaneousthree-phasedisplacemets.

3. In general, the saturation paths induced by the exact characteristic
wavesare not straight lines on the ternary diagram. Saturation paths
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Figure 26. Comparisonof the dimensionlessumulative oil production pre-

6

dicted by the exact solution and the approximate solution. The
exact solution tends asymptotically to a value of 0.95, consis-
tent with the original reducedoil saturation. The approximate
solution doesnot, which indicatesit doesnot satisfy the overall
massbalance.

are straight lines only for linear relative permeability functions, or for
very particular initial and injected saturation states.

. Splitting a three-phasedisplacemen into a sequenceof two successig

two-phasedisplacemets |[for which saturation paths are straight lines
parallel to the edgesof the ternary diagram| is an assumptionthat
may not be appropriate.

. In particular, it was showvn by meansof a represemativ e examplethat

the approximate solution calculated under this assumption does not
satisfy overall massbalance,and leadsto very inaccurate predictions
of oil recovery.

Conclusions

The key result of this paper is the completegeneralanalytical solution to the
Riemann problem of three-phase®ow of immiscible, incompressible°uids,



R. Juanesand T. W. Patzek: Analytical solution to the Riemann problem ... 43

when gravity and capillarity are not included in the formulation. The solu-
tion comprisestwo waves,a (slow) 1-wave and a (fast) 2-wave, separatedby
an intermediate constart saturation state. Each of thesetwo wavesmay only
be a rarefaction, a shock, or a rarefaction-shak. Thus, there can only be
9 possiblecombinations of admissiblewaves. All theseconbinations, which
constitute the complete set of solutions to the Riemann problem, are dis-
cussedin our paper. We demonstratethat, in general, a three-phase®ow
displacemen should not be approximated by a sequenceof two successig
two-phasedisplacemets. Sud approximation does not satisfy an overall
massbalance,and may lead to very inaccurate predictions of oil recovery.

We are currently extending the analytical solution preserned hereto the
casewhen saturation states are outside the three-phase®ow region, that is,
when one or more phasesare immobile [13,14]. Capillarity e®ects,which
smearthe traveling discortinuities of the capillarity-free solution, may also
be incorporated through the method of asymptotic expansiong6].

We articipate that the resultsof this paper will be relevant to: (1) the in-
terpretation of three-phasedisplacemen experimerts; (2) implemertation of
the solution in streantube simulators; (3) dewelopmer of improved relative
permeability models;and (4) validation of numerical methods.
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A Solution algorithms for the wave curves of
three-phase flow

A.1 Rarefaction curves

Rarefactioncurvesare subsetsof the integral curves,satisfyingthat the eigen-
value increasesmonotonically along the curve. Let u,;(&) = (=;(£), v;(£)) be
a parameterization of a rarefaction curve of the i-family, R;(@), starting at
the referencestate &t = (#,9). From the de nition of a rarefaction curve, it
satis esthe initial value problem:

8(&) = a(O)r (¢:(€)), (68)
tr;(0) = @,

where o (&) is somescalarfactor.
For a 1-rarefaction curve we choosethe following parameterization:

m(§) = 4+ ¢ (69)
Using Equation (28), the initial value problem (68) reducesto

oy - "o _ V1= fu _ Gu

Log = — = = ,

1(5) T fﬂ) 11 g,v (70)
v1(0) = 9.

For a 2-rarefaction curve we usethe parameterization

»(§) = B+ & (71)
Using Equation (29), the initial value problem (68) takesthe form

Tou f,v _ % _g,v
MO =TT (72)
U‘Q(O) = 1.
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A simple Runge-Kutta algorithm canbe usedto integrate the scalarordinary
di®erenial equations(70) and (72).

A.2 Shock curv es

Shack curves are subsetsof the Hugoniot loci, satisfying the Lax ertropy
condition. Herewe describe a Newton iterativ e procedurefor the calculation
of the shack curves. Let u,(£) = (=;(£), 7;(&)) be a parameterization of an
i-shaock curve, S;(@), starting at the referencestate & = (@, ).

We usethe following parameterization of the 1-shak curve:

m () = &+ & (73)

For ead value of the parameteré, =; is known from (73), and the following
systemof algebraicequationsneedsto be solved for o, and w:

Ri(o1,m) = f(uy, 1) — f(2,0) —o1(zy — ) = O,
Ry(01, 1) = g(u, 1) — g(2,0) — o1(vn — 0) = 0.

(74)

We de ne the solution vector x and the residual vector R as:

X = (2) , R = (g;) . (75)

We useNewton'smethod to nd the solution to the system(74), asindicated
in Figure 27.
For the 2-shak curve we usethe following parameterization:

m(f) = 0+ & (76)

The iterativ e procedureto obtain the solution is identical to that of the 1-
shaock curve, but now the system needsto be soled for #, and o3. The
solution vector, residual vector and Jacobianmatrix are:

X = (gi) ,
_ [y, ) — f(R,0) — oa(tty — 1)
R = (9(712, ) — g(8,0) — oa(tn — @)) ) (77)

J = E)_R - (f,u(%ﬂh) —0oy —(m2 — Q))
OX G.u(tt2, ) —(n—10) )"
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(0)
0 = (%1
x () = .

<v5°)>

2. Evaluate residual vector and Jacobianmatrix:

) (f(uh o) = £(2,0) = o (m — ) )

1. Setk = 0. Initial guess:

g, i) — g(8,0) — P (0¥ — p)

(k) = ( —(mt; — B) f,v(u“l’vgk)) ) .

JW = oR k k k
(" =) g (m, o) — o

15)4

3. Solw linear systemfor the incremert ox *):

J®sx*) = R*)

4. Update solution: x *+1 = x (k) _ 5x (&),
5. Chek corvergence:

IF ||R]|| < ¢ STOP
ELSE Setk — £+ 1 and GOTO 2.

Figure 27. Newton algorithm for obtaining the 1-shak curve.

A.3 Rarefaction-sho ck curv es

Rarefaction-shak curvesR;S;(u;,u,) are composite waves, consisting of a
rarefaction curve emanatingfrom a left state u,;, and a shock curve that ends
at the right state u,. Both curvesjoin at an intermediate state u., called
the post-shak state.

We now detail the procedureto compute rarefaction-sha@k curvesof the
1-chamcteristic family. Assumethat the left state u; and the rst com-
ponert u, of the right state are known. A complete description of the 1-
rarefaction-shak requires: the secondcomponert v, of the right state, the
speed o, of the shack, and the post-shak value u,. Theseunknowns are
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1. Setk = 0. Initial guessv'”.

2. Predictor:

(i) Integrate along rarefaction curve R,(u;) asin Equation (70)

until i
fu) = f(e)

Uy — T

vi(e) = o1(ui;er) =

(i) Setu¥™ = u at which integration terminated.

k+1 k+1

3. Corrector: Solwe for ai ) and oY by imposingthat the right

state belongsto the shack curve passingthrough the post-shak

value, u*™ e s, (u¥™), using the Newton algorithm in Figure 27.

4. Ched corvergence:

IF [o) — M| < ¢ STOP
ELSE Setk «— k+ 1 and GOTO 2.

Figure 28. Predictor-corrector algorithm for obtaining the rarefaction-
shock curve of the 1-characteristic family.

obtained using the predictor-corrector algorithm of Figure 28. A sdhematic
of the kth iteration is shavn in Figure 29.

It isimportant to note that the post-shak valueu ., at which the R, and
S; curvesare connected,dependson both the left and the right states. This
connectionis always very smooth. In fact, it can be shovn [25] that both
curvesare connectedwith secondordertangency(sameslope and curvature).
This property ensureghat the predictor-correctoralgorithm in Figure 28 will
adhieve global quadratic corvergencewhen the initial guessis closeto the
solution.

The algorithm to computea rarefaction-shak of the 2-characteristic fam-
ily is completely analogous. In this case,the left state u; and the second
componert v, of the right state are known, and we usea predictor-corrector
algorithm to computethe rst componert u, of the right state, the speedo,
of the shack, and the post-shak value u ..
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] k+1
u; : Ug )

up?

R Si(ud)

r

Figure 29. Sdematic of the kth iteration of the predictor-corrector algo-
rithm for obtaining a rarefaction-shak of the 1-characteristic
family. The rarefaction curve and the shack curve join at the
post-shak value with second-ordertangency This property
allows the algorithm to achieve quadratic corvergence.

B Solution algorithms for selected solution
types of three-phase flow

Recallthat the solution of the Riemann problem of three-phase’ow consists
in a sequencef two wavesconnectingthree constart states:

u, Yy, Yy (549

The completeset of solutions (9 cases)is given in Section4.3.2. In this ap-
pendix we descrike excient algorithms for the calculation of selectedsolution
types. Other casescan be computed similarly.

B.1 S;S, solution

The rst solution we consideris that when both waves are geruine shacks,
that is, W; = S1(u;) and W, = Sy(u,). Thesetwo shock curvesintersect at
the intermediate constan state u,,.

B.1.1 Solution pro cedure

The unknowns are the intermediate constart state u,, = (u,,,v,,) and the
shack speedsos; and o,. These4 scalarunknowns can be found by imposing
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the Rankine-Hugoniotjump condition on eat shaock:

f(urm Um) - f(ula vl) = Ul(um - ul)a
9(Um, V) — glur, v1) = 01(v — v1),
Sy v) — fur,vp) = o2t — u,),

g(“ma Um) - g(Ur, Ur) = 02(Um - UT‘)'

(78)

We propose using a full Newton iterative procedureto achieve quadratic
corvergence.The solution vector x, the residual vector R and the Jacobian
matrix J are given by:

o1

—_— vm
X = wo | (79)
02

f(um7 Um) - f(ul7 Ul) - CTl(um - ul)

- g(umavm)_g(uvv)_gl(vm_v)
R fum o) — Fur, ) — 02 — ) | (50)
(U, V) — g(Ur, vr) — 02(Vr — v;)

and
_(um - ul) f,v(uma Um) f,u(um7 Um) — 01 0
3= | ~m=w) gultm,vm) =01 gultim, vm) 0
0 f,v(uma V) f,U(UTm V) — 02 —(Upm — uy)
0 g,v(u’rrw Um) — 02 g,u(um; Um) _(Um - U'r)
(81)
B.1.2 Admissibilit y of the solution
The solution is valid if ead wave satis esthe Lax ertropy condition:
S u;) > o >11(U,),
11 vi(ug) > o1 > vi(Uy) (82)

Syt wa(Uy,) > 09 > 1a(U,).

B.1.3 Example

We shonv an example of a Riemann problem whose solution involves two
geruine shocks. We use the relative mobilities (30){(32), with the values
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of °uid viscositiesin (35). The left state is u; = (0.25 0.2) and the right
stateis u, = (0.15,0.8). Solution of the nonlinear systemof algebraicequa-
tions (78) yields:

u, = (0.61520.3278) o, = 0.156Q o, = 0.1930

The sthematic of the solution in the ternary diagram (saturation space)
is depicted in Figure 30. In°ection loci (dash-dotted curves) are plotted
for referencealso. The intermediate constart state u,, is located at the
intersectionof the two shack curves. Note that the 1-shack is admissibleeven
though the left and right statesof the discortinuity, u; and u,,, respectively,
lie on opposite sidesof the 1-in°ection locus. The pro les of the characteristic
speedsv; and v,, and the phasesaturations S, = u, S, = v, and S, =
1— u — v, are plotted againstthe similarity variable ( = x/t in Figure 31.

In Figure 32 we shaw the ewlution of the error with the number of iter-
ations of the Newton scheme. The error at iteration % is de ned as:

T A L U N )

The rate of convergenceof the method is given by the exponert m in the
following expressionrelating the error at iteration k£ + 1 with the error at
iteration k:

e+t < ¢ (e(k))m, (84)

where C' is a boundedpositive constart. If we plot e**1) againste® in log-
log scale,the convergencerate is simply the asymptotic slope of the curve.
As shown in Figure 32, corvergenceof the iterative procedureis quadratic,
as expected.

B.2 RR> solution

We considerthe casewhen both wavesare rarefaction waves, sothat W, =
R, and W, = R,. There are no discortinuities, and the solution is smooth
everywhere.

B.2.1 Solution pro cedure

The intermediate constart state is determinedby the intersectionof the two
rarefaction curves. By cortrast to the previouscase,in which the intersecting
curveswere given by algebraic equations, rarefaction curves are de ned by
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Figure 30. Sdematic of the S§;S, solution path in the ternary diagram.
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Figure 31. Proles of wave speedsand saturations for the S;S, solution.
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e(kj—l)
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Figure 32. Performanceof the Newton iterative schemefor the S;S; solu-
tion, shoving a quadratic rate of convergence.

di®erenial equations(70) and (72). We suggesta predictor-corrector strat-
egyto nd u,, iteratively. The algorithm is givenin Figure 33, and the kth
iteration is illustrated in Figure 34.

B.2.2 Admissibilit y of the solution

The solution is admissibleif it is single-\alued, that is:

R, : 1y increasesmonotonically along R, from u; to u,,,
R, 1, Increasesmonotonically along R, from u,, to u,.

B.2.3 Example

We shav an exampleof a Riemannproblemthat yieldstwo simplerarefaction
waves. We usethe samerelative permeability model and the sameviscosities
asbefore. The left stateisu,; = (0.5,0.5) andthe right stateisu, = (0.4,0.1).

Solution of the R, R, intersection givesthe intermediate constart state:

U, = (0.2658 0.3360)

In Figure 35 we plot the solution in the ternary diagram. The inter-
mediate constart state u,, is located at the intersection of the two rar-
efaction curves. Note that the saturation path newer crosseshe in°ection
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1. Setk = 0. Initial guessuffi) = (u;3>,v,29>).
2. Predictor:
(i) Setthe integration limit %,, = u¥ and integrate along R(u;)
to obtain point &,,.

(i) Setthe integration limit =, = v%) and integrate along R»(u )
to obtain point &,,.

(i) Compute eigervectorsr {(&,,) and r »(t,,) at the integration
endpoints.
3. Corrector: new approximation uF™ is the intersection of two
straight lines with orientations r; and r , emanatingfrom points ¢,,

and t,,,, respectively.
4. Ched corvergence:

IF |[us™ —u|| < e STOP
ELSE Setk « k+ 1 and GOTO 2.

Figure 33. Predictor-correctoralgorithm for obtaining the R, R, solution.

loci. Pro les of the wave speedsand phasesaturations are shavn in Fig-
ure 36. Points a < b < ¢ < d on the z/t-axis correspnd to the wave
speedsvy(U;) < vi(U,,) < va(Uy,) < vo(Uu,.).

Figure 37 shows the ewlution of the error, de ned in Equation (83), with
the number of iterations of the predictor-corrector strategy. It is not surpris-
ing that corvergenceis quadratic, sincethe iterativ e procedureinvolvesthe
eigervectors,which are tangert to the rarefaction curves.

B.3 R1S1R»S, solution

We now considerthe casewith the most complicated wave structure that
may arisein the three-phase’ow Riemann problem. In this caseboth waves
are composite rarefaction-shaks: W, = R,S5; and Wy = Ry Ss.
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U

Figure 34. Sdematic diagram of the kth iteration of the predictor-
corrector procedurefor a R, R, intersection.

B.3.1 Solution pro cedure

The variablesthat needto be determinedto fully characterizethe solution
are: the intermediate constart state u,,, the shock speedss; and o5, and the
post-shak statesu ] and us of eat wave. The constart stateu,, correspnds
to the intersectionof the two wave curves,and the post-shak statesare the
points where the rarefaction curve and the shock curve of the samefamily
are joined. Schematically, this can be represered as follows:

uliu‘l‘iumiuglur (85)
The major dixcult y in computing the solution is that both endpoints of the
R, curve are unknown, so that the initial condition to start integration is
not know a priori. The predictor-correctoralgorithm in Figure 38 hasproven
very e®ectie.
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ab ¢ d

(= x/t

Figure 36. Pro les of wave speedsand saturations for the R R, solution.
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o(k+1)
S

AZ
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Figure 37. Performanceof the predictor-corrector iterative schemefor the
R1 R, solution, shoving a quadratic rate of corvergence.

1. Setk = 0. Initial guessuffi) = (u;3>,v,29>).

2. Predictor:

(i) Setthe integration limit %,, = u¥ and determinethe
R.S; curve using the predictor-corrector algorithm in
Figure 28, to obtain the post-shak value @] and the
endpoint @,,.
(i) Integrate alongthe R, curve from point &,, towards u,. until
vo(tr) = oo(t; u,). Setd; = w at which integration stopped.
(i) Setd; = »5 and solwe the S, curve passingthrough the right
state u,. to obtain the post-shak value @5.
3. Corrector: new appraximation uF™ is the intersection of
curvesS;(87]) and R,(83). This is donein a similar fashionto a
R1R, intersectiondescrilked in SectionB.2.

4. Ched corvergence:

IF [[ult) —ul|| < e STOP
ELSE Setk — k + 1 and GOTO 2.

Figure 38. Predictor-corrector algorithm for obtaining the R{S;R.S, so-
[ution.
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B.3.2 Admissibilit y of the solution

The solution is admissibleif ead of the two wavesis admissibleindividually,
that is,

RS - IV increasesmonotonically along R, from u; to u7,
1€1
vi(uf) = o1 > v1(Uy),

(86)
RS, - {VQ increasesmonotonically along R, from u,, to u3,
202 .

VQ(US) = 09 > I/Q(UT).

B.3.3 Example

Using the samerelative permeability model and the sameviscositiesas be-
fore, we solve the Riemann problem with left state u; = (0.5,0.5) and right
state u, = (0.05,0). The R1S5;R-S, solution gives:

u,, = (0.04750.3552) u®= (0.32750.3618) u® = (0.04990.0247)
o1 = 00805 o, = 7.6549

In Figure 39 we represen the solution as a saturation path in the ternary
diagram. It is immediate to ched that the solution is admissible. Each
compositewave crosseshe in°ection locusof the correspnding characteristic
family. We note that the 2-shak has a very small amplitude becausethe
right state almost coincideswith the in°ection locus of the 2-family.

Pro Tes of wave speedsand phasesaturations are plotted in Figure 40.
We decidedto split ead plot into two and usea di®eren scaleon the x/t-
axis, due to the very di®eren speedsof the 1- and 2-wave (compare the
valuesof o; and o, above). Otherwise, we would not be able to distinguish
the structure of the 1-rarefaction-shak from the plots. Pointsa < b < c < d
now correspnd to v4(U;) < o1 < a(U,,) < o03.



R. Juanesand T. W. Patzek: Analytical solution to the Riemann problem ...

Figure 39. R:S1R»S, solution path in the ternary diagram.
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Figure 40. Wave speedsand saturations for the R,S;R»S, solution.



